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Abstract

I develop a theory of real value-added incidence for arbitrary firm clusters:
sectors, regions, countries, supply chains, or nongeographic groups of firms. In a
general-equilibrium economy with input-output linkages, heterogeneous house-
holds, and rent-generating wedges, I show that cluster real-value-added growth
decomposes into a factor-supply component and total factor productivity (TFP),
with TFP further split into technology, competitiveness, and distributional realloca-
tion. The sufficient statistics generalize Domar weights from aggregate productivity
accounting to incidence accounting: they measure how firm shocks, factor supplies,
household expenditure, firm revenue, markups, ownership, and network structure
affect the real value added of a given cluster. I implement the decomposition for
U.S. sectors. Aggregate TFP is shaped by a small set of sectoral contributors and
drags: computers and electronics and oil and gas extraction are major positive
contributors, while farms, construction, and housing are major drags. Sectoral TFP
comovement is distinct from level contribution: large Domar sectors and upstream
cost-central sectors tend to move against the rest of the economy, while sectors with
concentrated downstream customer bases are less synchronized with the aggregate.
Around the Great Recession, the TFP measure reveals pre-crisis expansion with-
out efficiency gains and crisis-period downsizing with rising measured efficiency,

patterns not visible in revenue data; it also identifies selective medium-run scarring.
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1 Introduction

Where is real value added created, and how does it change when shocks hit different
parts of the economy? Growth accounting answers this for the aggregate economy.
Since Solow (1957), productivity has been measured as the residual part of output
growth not explained by share-weighted input growth. Domar (1961) showed that, once
intermediate inputs and industries are introduced, the aggregation of these residuals is
itself an economic problem. Hulten (1978) provided the classical solution: in an efficient
economy, the first-order effect of a sectoral productivity shock on aggregate productivity
is the sector’s Domar weight. This result underlies modern productivity accounting
and much of the empirical practice that links sectoral productivity to aggregate output.

Yet the aggregate economy is rarely the only object of interest. Policymakers ask
whether a shock raises real GDP in one country or another. Firms ask whether dis-
ruptions to suppliers change value added in their industry. Researchers ask whether
technology shocks in one sector propagate to other sectors and comove with produc-
tivity in the rest of the economy. Such questions are not aggregate questions; they are
incidence questions. They ask how a shock changes real value added for a specific sub-
set of firms: a sector, a region, a country, a supply chain, or a group of firms exposed to
the same factor market or demand source. I call such a subset a firm cluster. This paper
extends Domar-Hulten accounting from aggregate productivity to real-value-added
incidence for arbitrary firm clusters.

The distinction matters because value added is not the same object as sales, output,
income, welfare, or consumption. For a firm cluster, nominal value added can be
written as revenue net of intermediate input expenditure, or equivalently as the sum
of primary-factor payments and rents generated by firms in the cluster. These two
representations coincide as accounting identities, but they separate different economic
margins. A productivity shock to a supplier outside the cluster may lower the cluster’s
intermediate input costs. A markup shock inside the cluster may change rents and
revenue. A transfer across households may change the composition of final demand,
shifting production toward or away from the cluster. Thus, real value added for a
cluster is not pinned down only by the technology of firms inside the cluster. It depends
on the production network, wedges, factor use, ownership, and household expenditure.

To capture these margins, I use a static, nonparametric general-equilibrium economy



with constant returns to scale. Firms trade intermediate inputs and hire primary factors;
households differ in factor supplies, preferences, and ownership claims; and firms face
rent-generating price-cost wedges, with profits rebated to households. I impose no
cluster-level factor-market segmentation, allowing factors to relocate across clusters.

The main result is a first-order decomposition of cluster-level real-value-added
growth. For any partition {N; },c4 of firms, I write cluster r’s real value added as
Y, = TFP, F, ({Ly}},c ), where F, is the cluster-specific aggregator over factors implied
by the equilibrium allocation. Theorem 1 decomposes dlog Y; into four components.
The first is a technology component: productivity shocks anywhere in the economy
affect cluster r through cluster-specific rent-adjusted Domar weights. The second is
a factor-supply channel: changes in factor supplies affect Y, through cluster-specific
factor-incidence weights. The third is a wedge component: changes in markups affect
cluster real value added through both direct rent effects and induced reallocations.
The fourth is a distributional component: changes in household expenditure and
budget shares, factor-income shares, and firm input-cost shares affect Y, by reallocating
demand and resources across firms with different cluster-specific marginal values.

The sufficient statistics in Theorem 1 are the paper’s central objects. They generalize
Domar weights from aggregate to incidence accounting. Firm-incidence and factor-
incidence weights measure the effects of firm shocks and primary-factor supplies on
a cluster’s real value added. Expenditure and revenue centralities map household
spending and firm sales into the factor margins most relevant for the cluster. They
answer: How important is this firm, factor, or household for a cluster’s real value added?

A useful benchmark clarifies the relationship to Hulten’s theorem. Suppose all firms
in cluster r are competitive, and factor markets are cluster-specific, so cluster value
added consists only of payments to factors. Then all rent and demand-reallocation
terms vanish, and dlogY, = Y ic 4 %"r dlog A; Y pen %’: dlog Ly, where A; is firm i’s
Domar weight, A; is firm-level productivity, A, is factor /’s income share, ®; is cluster
r’s value-added share, and L}, is factor supply. Thus, cluster-level real value-added
growth reduces to a weighted average of within-cluster productivity and factor-supply
growth. This is a cluster-specific Hulten theorem. It does not require the entire economy
to be closed or efficient; it requires only that the cluster itself generate no rents and factor

market segmentation. Away from this knife-edge benchmark, demand composition,



ownership, markups, and reallocation become first-order determinants of Y;.

This benchmark also clarifies the relationship with open-economy real GDP ac-
counting. Burstein & Cravino (2015) and Baqaee & Farhi (2024) extend Hulten-style
accounting to open economies. Baqaee & Farhi (2024), in particular, characterize real
GDP and welfare for countries with wedge-like distortions. Their country-level real
GDP decomposition is a special case of the cluster problem: it applies when the cluster
is a country and factor markets are country-specific. Under those restrictions, external
exposure is represented using variations in net imported quantities. My results remove
these restrictions and apply to any firm cluster, while allowing factors to relocate across
cluster boundaries. Additionally, the sufficient statistics differ; rather than requir-
ing changes in net imported quantities, the decomposition is expressed in terms of
cluster-specific incidence weights and nominal shares. This matters empirically because
imported quantities are rarely observed in input-output data and typically require
additional price information. Theorem 1 therefore nests the country-level real GDP
case while providing an implementable decomposition for general cluster settings.

The empirical application constructs U.S. sector-level TFP growth over 1997-2021.
The first exercise measures cumulative sectoral contributions to aggregate TFP and
identifies computers and electronics and oil and gas extraction as the largest positive
contributors; farms, construction, and housing are the largest drags.

The second exercise studies comovement. I compute each sector’s TFP correlation
with the TFP for the rest of the economy. The most positively comoving sectors are
discretionary services and transportation, while the most negatively comoving sectors
are farms, housing, and financial sectors. I then relate comovement to network position.
Larger sectors, sectors through which a larger share of aggregate value added passes,
and more upstream sectors tend to move against the rest of the economy. Sectors with
concentrated downstream customer bases also decouple from the aggregate: their TFP
growth loads more on buyer-specific shocks than on broad economy-wide movements.

The third exercise studies sectoral TFP around the Great Financial Crisis. The
literature emphasizes that aggregate labor productivity and TFP slowed before the Great
Recession, with the slowdown concentrated in IT-producing and IT-intensive sectors
rather than housing or finance (Fernald, 2015; Fernald et al., 2017; Syverson, 2017). My

object is different: rather than explaining the aggregate productivity slowdown, I ask



which sectors experienced TFP contraction, recovery, and medium-run scarring.

The results show that the GFC was not a uniform sectoral TFP collapse. Some sectors
experienced large TFP declines before 2008; others contracted during the core 2008-2009
recession; and the sectors with the largest short-run losses were not necessarily those
with the largest medium-run scars. The sectoral TFP estimates also contain information
that revenue alone would miss. In the pre-crisis stress period, several crisis-relevant
sectors expanded in revenue while measured TFP declined, including credit intermedi-
ation, securities and investments, funds and trusts, and construction. This pattern is
consistent with expansion without corresponding efficiency gains. During the core cri-
sis, the reverse pattern appears in some financial sectors: revenue falls while measured
TFP rises, as in securities and investments and credit intermediation, consistent with
downsizing, selection, or the exit of low-productivity activity. Additionally, sectors
showed a strong bounce-back from the 2008-2009 decline, and medium-run scarring
was selective. Sectors with more concentrated customer bases exhibit smaller scars,
whereas goods-producing sectors remain substantially more scarred.

The final empirical exercise compares partial-equilibrium sufficient statistics with
tull general-equilibrium responses to sectoral productivity and markup shocks. It
asks when local statistics provide reliable back-of-the-envelope approximations to full
equilibrium effects. For productivity shocks, the sufficient statistics closely track the
equilibrium response; for markup shocks, the approximation is much weaker.

The paper contributes to several literatures. First, it contributes to productivity and
growth accounting (Solow, 1957; Domar, 1961; Hulten, 1978; Jorgenson et al., 1987; Hall,
1988; Basu & Fernald, 2002; Petrin & Levinsohn, 2012). This literature maps technology,
wedges, and reallocation into aggregate productivity. I change both the unit and object
of measurement: instead of recovering an aggregate residual, I derive an analytical
incidence decomposition for real value added in arbitrary firm clusters.

Second, I contribute to the literature on misallocation and distortions (Harberger,
1964; Restuccia & Rogerson, 2008; Hsieh & Klenow, 2009; Jones, 2011; Loecker & Warzyn-
ski, 2012; De Loecker et al., 2020; Liu, 2019; Bigio & La’O, 2020; Baqaee & Farhi, 2020;
Rojas-Bernal, 2026). This literature shows that wedges, market power, and misalloca-
tion can make measured TFP differ from technology, and that input-output linkages

shape the aggregate cost of distortions. I characterize how rent-generating wedges



change real value added for arbitrary firm clusters.

Third, I contribute to the literature on micro shocks, sectoral shocks, and comove-
ment (Horvath, 1998, 2000; Dupor, 1999; Gabaix, 2011; Foerster et al., 2011; Acemoglu
et al., 2012; Carvalho et al., 2021; Huo et al., 2025). This literature studies when id-
iosyncratic shocks survive aggregation through firm granularity and input-output
propagation. I study a complementary object. Rather than decomposing aggregate
volatility or international comovement, I estimate sectoral real-value-added TFD, its
contribution to aggregate TFP levels, its comovement, and cross-sectoral propagation.

Fourth, I contribute to open-economy value-added and real-output accounting
(Diewert & Morrison, 1986; Kohli, 2004; Kehoe & Ruhl, 2008; Johnson & Noguera,
2012; Koopman et al., 2014; Burstein & Cravino, 2015; Los et al., 2016; Devereux et
al., 2023). This literature separates real output from real income when terms of trade
move, distinguishing productivity from trade-cost and external-price effects. Rather
than tracing value added across countries or measuring country-level GDP responses
to trade and fiscal shocks, I characterize real-value-added incidence for arbitrary firm
clusters with analytical decompositions that avoid imported quantity data.

Finally, I contribute to work on sufficient statistics for general equilibrium (Costinot
& Rodriguez-Clare, 2014; Caliendo & Parro, 2015; Adao et al., 2017; Baqaee & Farhi, 2019;
Allen et al., 2020; Caliendo et al., 2022). This literature uses observed shares, elasticities,
and network structure to discipline counterfactuals. I use the same equilibrium-in-
changes discipline and the sufficient statistics but for cluster-level real value added.

The rest of the paper proceeds as follows. Section 2 defines the environment, value-
added identities, and cluster centralities. Section 3 derives the incidence decomposition,
the local-factor-market benchmark, and the comparison with Bagaee & Farhi (2024).
Section 4 implements the decomposition on U.S. sectoral data, studying TFP contri-
butions, comovement, and the GFC. Section 5 compares partial-equilibrium incidence

statistics with full nested-CES general-equilibrium responses. Section 6 concludes.

2 General Framework
Following Rojas-Bernal (2026), this section studies a static, nonparametric general

equilibrium economy with constant-returns-to-scale (CRS), comprising N firms and

H household types. Let ## = {1, ..., H} index household types. Each tax authority



g € ¢ governs a subset 77, C J# and levies taxes and transfers within 7. Each firm
ie N/ ={1,---,N} produces a good or service consumed by households or used as an
intermediate by other firms. Let {.4;},c4 be a partition of 42 A, N AN = D forr # 1/
and J,c4 4 = 4. The goal is to characterize first-order changes in real value added
for any firm cluster .4; C ¢/, for any partition {.4;},c4, using numeraire-invariant
sufficient statistics. This section also establishes the central accounting identities and
network-adjusted centralities that will later be used to characterize first-order changes

in cluster-level real value added.

2.1 The Environment
Firms. Firm i € .4 operates y; = A; Q;(L;, X;), where L; = Qf({ﬁih}heﬁa) and
Xi = Qf ({xij}jer)- Aiis a Hicks-neutral productivity; L; and X; are primary-factor
and intermediate-input composites; ¢, is factor h used by firm i; and x;; is input j
used by firm i. Given {p;}jc » and {wy, }jc », firm i minimizes ¢; = piLi+prX; =
Yohewr Wi lin + Yien PjXij, where pf and p; are the unit-cost indices dual to Qf and Q7.
Firms face an exogenous wedge: marginal cost satisfies mc; = d¢;/dy; = u; pi, with
#i € (0,1]. When p; < 1, a share 1 — p; of revenue S; = p; y; is rebated as profits ;.

Households. Household / chooses (Cy,, Ly, {Cj; }ic_) to maximize Uy,(Cy, L), sub-
ject to Cy = Q5 ({Chitic.r) and Ey = piCy = Lie v piCri < Ju + 11y + Tj,, where Cy; is
household /’s consumption of good i, pj, is the expenditure index dual to Q;, J;, = wy, Ly,
Il = Y ic 4 xip 7, and Ty, is a lump-sum transfer. Ownership shares satisfy «;; > 0 and
Y new kin = 1 for each i. Households differ in preferences, factor supplies, and equity
holdings. Markets are incomplete: no state-contingent claims span idiosyncratic shocks
to households or firms. Households cannot fully insure factor income or dividend risk,
so exposure to shocks differs across types.

Market Clearing. Good and factor markets clear, and each fiscal authority satisfies
budget neutrality. Goods market clearing: y; = Y j,c» Cpi + Yiewn Xji foralli € 4.
Factor markets clearing: L;, = ) ;c 4 i, for all h € 7. Fiscal neutrality: Zhet% T,=0

for all g € ¢. Equilibrium is as in Rojas-Bernal (2026).

2.2 Value Added, Income, and External Resource Gaps

Nominal value added for cluster .4; is

6o = ¥ (1-pel)Si= ¥ (X b+ (1- )5 ) 1)

iENy i€ NheHX



x — dloggc; .

Here wi = ITog p* p"'

by Shephard’s lemma, w} = p; X;/¢; is the intermediate input cost
share. In equation (1), the first expression is the value-added representation: revenue net
of intermediate input expenditure. The second is the income representation: primary-
factor payments plus rents generated by cluster firms.

When cluster .#; has an associated household set .7 C 7, define gross national
income as GNI; = Y ¢ s (Ji + I1j,) and net current transfers as NCT, = Y ¢ s Tj,. Net
primary income is NPI, = GNI, — GDP,, and gross national disposable income is

GNDI, = GNI; + NCT,. The external resource gap is GNDI, — GDP,; it equals the net

inflow from outside through factor payments, investment income, and transfers:

Net factor income;, Net mvestment income,
Z whéih—z wp iy, + Z Kin (1 — pi) S Z 1—2 Kin) ( S +NCT,.
he i€ he i€ he st
i¢g N h¢ st igN

For geographic partitions (country, region, states), GNDI, — GDP, denotes the trade
balance deficit under balance-of-payments accounting.

For cluster .4;, the external resource gap is zero iff NPI, + NCT, = 0. When
NCT, =0, GNI, = GDP, (equivalently, NPI, = 0) under four benchmark cases, each
imposing fully local factor markets: (i) resident factors are not used outside the cluster,
U, =0fori ¢ A7 and h € ; and (ii) cluster firms do not hire nonresidents, ¢;;, = 0
fori € A, and h ¢ 7. Conditional on these two restrictions, the four cases are: (i) no
rents (u; = 1 fori € .A), e.g., first best; (ii) home bias (x;;, = 0 for h € & and i & A7)
and full local ownership (e ki = 1 fori € .4;), e.g., stringent capital controls; (iii)
home bias (x;, = 0 for h € 7 and i ¢ .4;) and no domestic rents (u; = 1 fori € .4;), e.g.,
competitive local firms with restricted resident access to foreign capital markets; and
(iv) full local ownership (Y e ki = 1fori € A7) and no external rents (u; = 1fori & .4;),
e.g., competitive foreign firms with restricted foreign access to local capital markets.

For the aggregate economy, primary income flows net to zero, so GDP = GNI.

2.3 Cluster-Level Centralities

Tables 1, 2 and 3 summarize the measures introduced in this subsection. Let p =

dlog Ej .
d log p;’

by Shephard’s lemma, B;; = p; Cp;/E;. Household h’s direct expenditure intensity

(Bni)new ic.v denote the household expenditure-share matrix. Define Bj; =

on cluster 4; is By, = Yc 4 Pni- Define revenue-based upstream centralities ()y =

Y _ ¢ _ dlogs; _
(Qih)ieﬂ/,héﬁp and Qx = (QZ)Z'GJV,]'G,/V' Here Qih = Jlog w;, and QZ =




Shephard’s lemma, Of o = wply/S; and sz = p;x;;j/S;. Firm i’s direct intermediate
input intensity on cluster .4 is Q = Yiex Q The profit-share matrix (), with
element Q)7 = x;;, 71;/ S; captures the share of revenue from firm i reaching household
h via rebated profits. Revenue adds up: Zhe%ﬂ(ﬂfh +QF) + Yier QZ = 1. For any
partition {4 },e, Yres Brpy = 1and ¥ycp Qﬁr = Ujw

Intermediate-input and factor cost shares are collected in Q, = (ﬁj;-)i,je v and
S (Y. ~x — odloge; ~¢ — Odlogc =
QO = (Q,)ic.v new, where Qi]- = Jlogp, = pjxij/Ci, and Q) = oz = wpli /<. Let

¥, = (I — Q)" denote the downstream cost Leontief inverse, so that 1751’; is firm i’s
total cost exposure to supplier j. Let ¥, = ¥,Q)y, so that 1p is factor h’s total cost share
in firm i’s production. Since all costs trace back to primary factors, ) j,c ,» @fh =1

The rent-adjusted network exposures of firm i to supplier j and factor h are

@j,AQ =) (ﬁfm_afm)@nj —m) Y, O lpm]z
meN meN

Vinaa = 3 (O, — Q) Phy = (1— ) Y QLT
meN meN

Both objects measure how shocks affect rents at firm i through its intermediate-input
network. With perfect competition (y; = 1), rent-adjusted exposure vanishes 1751’; AQ =
0 and @fh rq = 0. With markups (¢; < 1), firm i prices above marginal cost and
distributes a share 1 — y; of revenue as rents. The objects lfl’; Ao and lﬁfh A aggregate
the paths through which marginal shocks to supplier j and factor h affect rents at firm i:

firm i loads on each intermediate-input supplier m with weight O , and supplier m’s

im’
downstream exposure is ¢ j for shocks to supplier j and zpmh for shocks to factor h.

For this reason, define the firm-incidence and factor-incidence weights

/\
/\ _]1{]6/1/}(1) + Z l/]z]AQ'

A Ai (&m0 | =
=) . (Qz‘h + ¢ih,AQ)'
et T
The first statistic measures the rent-adjusted share of cluster-r value added that passes
through firm j; the second measures the rent-adjusted share of value added traced to fac-
tor h. Each statistic has a direct component and an indirect rent-scaled component. The
direct term captures value added generated inside the cluster: firm j’s own production
in /\]r and factor h’s direct cost share in A}. The indirect term captures rents generated

by cluster firms whose production uses inputs sourced, directly or indirectly, from

tirm j or from supply chains intensive in factor 4. Under perfect competition within



the cluster (y; = 1 for all i € .47), these indirect terms vanish. Both statistics weight
the rent-adjusted network exposure by A;/®,. Moreover, {A! };c . is a probability

distribution over factors for cluster r, since } ¢ ,» A} = 1.

Table 1: Direct Centralities

Definition In equilibrium Property
B Bu= %ﬁ%i’; Expenditure share on i Yicy Bni=1
K Kip = %1;2? Ownership share of /1 in i Lnes Kin = 1
Qy ﬁfh = aalfgg;"h Cost share of ¢}, SOl Y O =1
Q, (N)j; = aallg—gg;; Cost share of x;; new ey U
wy wi= aall%% Cost share of X; wi = Zjew ()Z
Qy th = aa llé’gg uS); Share of S; spent on ¢y, th = U; ﬁfh
Qe Of = g {gg 2’ Share of S; spent on x;; OFf = pi ﬁf;
Qn Qf =xpy5  Shareof S; rebated as x;,7; heZ%(th +07) +jEZA/Qf§- =1

Table 2: Network-Adjusted Centralities

Matrix Equilibrium Expression Properties

Downstream / Cost-Based Centralities

Y= (I-Q,)" 1;51’; Cost exposure of firm i to firm j
Y, =Y. Qy {/Jth: factor h’s value-added shareintc; ) c» ibvfh =1
Upstream / Revenue-Based Centralities
Yy =(1-0Qy)! ij;: Share of S; accruing to firm j
B =Yy PByi: Share of Ej accruing to firm i
Y=Yy gbfh: Share of S; accruing to factor
¢ =BY, ©np: Share of Ej, accruing to factor b
A=Rx Aj: Aggregate sales share S;/GDP YieyAi>1
A=%"x Ay: Factor income share J,/GDP Y ,cp A <1

x=(Q+Qx)A+7 Xn: Expenditure share E,/GDP Yoewxn =1

Define upstream (revenue-based) matrices ¥, = (I — Q)" ! (firm-to-firm), ¥, =
Y,y (firm-to-factor), # = BYx (household-to-firm), and ¢ = BY, (household-to-
factor). Their elements 1,L71?C]., lpfh, HByi, and €y are shares of (i) firm i’s revenue reaching
tirm j, (ii) firm i’s revenue reaching factor 4, (iii) household h’s expenditure reaching
tirm i, and (iv) household h’s expenditure reaching factor b. In equilibrium, Domar
weights A, factor-income shares Ay, = ],/ GDP, and expenditure shares x;, = E;,/GDP
satisfy A = B'x, A = €'x, and x;, = Ay + Yicy kin(1 — pi)Aj + 1, where 1, =



Table 3: Centralities for Cluster

Concept Definition Properties
Nominal value added GDP, =Y ic (1 —pjw?)S; GDP=Y,.4 GDP,
Value added share o, = GDP,/GDP Yren ®r=1
Expenditure intensity Bujr = Lic.s; Bni Yrea Brjr =1
Intermediate intensity Ql’.“r = Yiet Qj; Y e Qﬁr =l wy

Network exposure

X _ DX _ OX \ X
of firm i to firm j Yija Q_mez W(Qim Q) Pinj
Share of value added . A A
) . Al=1y. L 4+Y 2Lyt
passing through firm j j et @, e ®r Va0
Network exposure ~ Sx ey o
of firm i to factor h Yin, Q_JGZJV(QZ] i ) it
Share of value added . A se L o ,
attributed to h Ap= E 5O+ ¥ian)  Tiewr Ay =1
Distortion centrality for h 6r = A /Ny,
Expenditure centrality for h M}, = Yper Chp 0y,
Revenue centrality for i F' =Yhewn wfh dy

T,/ GDP. This yields a 2H + N system; impose ) ,c ,» X = 1 by Walras’ law.

For factor h, define 5{1 = /“\Z/ Ay,. 1refer to (5{Z as distortion centrality with respect
to r: it measures how large factor h’s share of cluster-r value added is relative to its
economywide income share—i.e., how undervalued # is in aggregate factor-income
terms from cluster 7’s perspective. Define M; = } e » €1, 6 and F| = Y jc 1pfh oy
Mj, is high when household h’s expenditure reaches factors with high 4" (high ¢y
weight), and F/ is high when firm i’s revenue ultimately accrues to factors with high 6"
(high ¢!, weight). Accordingly, I refer to M! as household h’s expenditure centrality with

respect to r and to F/ as firm i’s revenue centrality with respect to .

3 Value-Added Incidence in Production Networks

This section derives a nonparametric decomposition of cluster-level real value added.
The results show how productivity, markup, factor-supply, and demand-composition
shocks affect real value added through network-adjusted sufficient statistics. I proceed
in four steps: first, I derive cluster-level price pass-through; second, I decompose real
value added; third, I compare the resulting formulas with open-economy real-GDP

decompositions; and fourth, I illustrate their implementation in two examples.
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3.1 Prices

Proposition 1 characterizes downstream pass-through of productivity, inverse-markup,
and factor-cost shocks to firm prices and the cluster-r value-added deflator, with

elasticities given by cost-based centralities.

Proposition 1. The first-order responses of firm prices and the cluster-r value-added

deflator to productivity, inverse-markup, and factor-cost shocks are

d log p; = — Z 1;51’; d log (Ajuj) + Z @fh d log wy,
jeN hest

dlog py, = — Y_ Al dlog(Aiu)+ Y A} dlog wy.
ieN hext

The proposition has six implications. First, firm prices respond directly to pro-
ductivity, inverse-markup, and factor-cost shocks; demand reallocation affects prices
only indirectly through factor prices. Second, firm-level elasticities are governed by
cost-based centralities, lfl’; and ¢}, . Third, the cluster-r deflator aggregates firm-level
pass-through using the cluster-specific incidence weights A7 and A!. Fourth, distortions
generate cross-cluster price spillovers. If firms in cluster r generate no rents (y; = 1
for alli € .4;), then /\]’ = 1yje 4 Aj/ Py, so a firm-level productivity shock affects
py, directly only when j € .4;. With markups, indirect terms transmit shocks across
clusters through rent-adjusted downstream exposure. Fifth, a common increase in A or
i lowers py, in proportion to the cluster-specific network multiplier ) ;. /\l’, while a
common increase in factor prices raises py, one-for-one because Y jc » A = 1. Sixth,
aggregating across clusters with weights @, recovers the economy-wide pass-through:

dlogpy = —A' dlog(Ap) + A dlogw.

3.2 Value-Added Incidence Decomposition

Theorem 1 is the main result. It shows that cluster real-value-added growth can be
decomposed into technology incidence, factor-supply incidence, competitiveness, and

distributional reallocation.

Theorem 1. Cluster-level real value added with heterogeneous households.

(a) In equilibrium, cluster-level real value added satisfies

Yr == TFPr Fr({Lh}he%")/ (2)

where TFP, denotes total factor productivity; F satisfies d log F./0 log Lj = Az

11



(b) Around equilibrium

dlogY, = dlogTFP, + Z /"\Zdlog Ly, 3)
hes#
dlog TFP, = Technology, + Allocative Efficiency,, 4)
Competitiveness,
. Allocative /=" ~ Distributional
Technology, = Y A} d log A;, =) Al dlog i+ .
iV Efficiency,  icv Reallocation,
(c) Distributional Reallocation, has the following equivalent representations:
Entropic TT, Distributive TT, Centrality TT,
—_—— - % - - ~
1. dlogCDr — Z (52 dAh, 2. leg(Dr — Z M;z d)(h — Z Xh Z (5;; d%hbr
hes hes hesr  best
Final Demand TT), Intermediate Demand TT,
3. dlog@r — Z M;; dXh — Z Xh Z Pir dﬁhi — Z yi/\i Z P]?’ dﬁz
hes? hesr  ieNV iceN jeEN
Factor Demand TT, Competitive TT,
— Y wA Y 6,d04, — Y A F dlog .
icHN hes eV

(d) The variations for the value-added share ®, and expenditure share xj, are

A0, =Y (Bup+ B ) dxn+ 1 sy dlogpi+ Y A Y g, 4O

hest eV eV jeN 5)
+Y . X <d13hr+z Yilr dﬁhi) +)° (/\i a0y, =) A dQ}ﬁ) /

e eV it et

dxp=dNy+ ) (1= pi) (A dicyp + i d A) — 1 Ay d i) +d 1, (6)

ieN
where
Bue = Y, B, — Y B ), Y= ) Vi D= X i 2 Qg
gt et i mé meti N

From equation (2), equilibrium cluster-level real value added Y; equals TFP; times
a CRS aggregator F, over primary factors, with elasticities given by the cluster value-
added distribution A" = {A]}, _ . Equation (3) decomposes dlogY; into a TFP,
component and a factor component. Equation (4) decomposes dlog TFP, into tech-
nology, competitiveness, and distributional reallocation. Technology, captures pure
productivity effects, holding allocations fixed. Competitiveness, captures efficiency gains
from wedge-driven reallocation; absent distributional changes, shocks to A; or y; affect
TFP, in proportion to A!. Distributional reallocation, captures changes in TFP, driven by
endogenous shifts in the factor-income distribution that reallocate inputs across firms.

Together, competitiveness, and distributional reallocation, comprise allocative efficiency,.

12



Finally, aggregation is consistent: weighting equation (3) by ®, and adding across
clusters recovers the economy wide decomposition dlog Y = dlog TFP + A’ dlog L.

Theorem 1 also provides three equivalent representations of distributional reallocation,,
offering complementary lenses on how the income distribution shapes TFP,. All three
emphasize that TFP, rises with the value-added share ®, and with reallocations that
ease cluster-specific bottlenecks. In the first definition, the entropic terms of trade,
measures how changes in the distance between the cluster factor-incidence distribution
A" and the economywide factor-income distribution A affect the efficiency with which
factors generate cluster value added.! This mechanism operates through the cluster-
specific distortion centralities 6] = A’ /Ay. A high value of §] means that factor / is
more important for producing Y; than its economywide income share suggests. Hence,
holding A’ fixed, TFP, rises when factor income shifts away from high-6” factors toward
low-¢" factors. For example, if §; > J;, then a shift in factor income from / to b raises
TFP,. Intuitively, high-6" factors are cluster-specific bottlenecks. Reducing their relative
income share lowers their incidence-adjusted cost and allows resources to reallocate
toward the supply chains that generate cluster-r value added.

The second representation splits the entropic terms of trade, into two components:
(i) expenditure-share shifts, d x, and (ii) consumer-to-factor centrality shifts, d €. The
distributive terms of trade, imply that cluster-r efficiency falls when expenditure shifts
toward households with high expenditure centrality M. This statistic is M} = T/h o
where €y, = (61, ..., 6u)’ collects household h’s consumer-to-factor centralities and
0" = (67,...,0}) collects cluster-r’s centralities. Consumer-to-factor centralities are
high when a household /’s consumption basket reaches a factor directly or indirectly
through the production network. Hence, high M; means that household /’s basket
is intensive in high-6" factors, which are bottlenecks in the production of Y;. The
vector M" = (M}, ..., M};)" ranks households by the marginal drag on TFP; from
reallocating one percentage point of expenditure share toward them. Thus, M’ is the
sufficient statistic for expenditure recomposition: TFP, rises when expenditure shifts
from household / to household b with M} > M. The centrality terms of trade, capture
changes in 4" holding expenditure shares fixed. An increase d%j,;, > 0 lowers TFP, most

when household / has a large expenditure share x;, and factor b has high distortion

1Treg1t AT as a probability vector. The Kullback-Leibler divergence from A" to Ais KL(A™ | A) =
Yhenw N, log(A}/Ay). Holding A" fixed, d KL(A" | A) = — Ypep A, dlog Ay = — Yy 0, d .
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centrality ¢;. This term isolates how changes in network transmission alter cluster
efficiency through the factor-income distribution.

The final representation decomposes the centrality terms of trade, into four channels:
final demand, intermediate demand, factor demand, and competitiveness. The final-
and intermediate-demand terms of trade imply that TFP, falls when spending shifts
toward firms with high revenue centrality F/. This statistic is F/ = ¢! ", where ! =
(1pfl, e, gbe) collects the shares of firm i’s revenue that accrue, directly and indirectly,
to each factor, and 6" = ((5{, e, 5}{)’ collects cluster-r distortion centralities. A high F[
means that firm i’s revenue ultimately reaches high-4" factors, which are bottlenecks in
the production of Y;. The vector F" = (F[, ..., F};)' ranks firms by the marginal drag
on TFP, from reallocating demand toward them. Thus, F" is the sufficient statistic for
demand recomposition: TFP, rises when households or firms shift spending from firm
i to firm j with F/ > F].r. The factor-demand terms of trade capture substitution across
factors with different cluster-r distortion centralities. The vector ¢" is the sufficient
statistic for factor-cost recomposition: TFP, rises when firm i shifts spending from
factor & to factor b with 4} > 4. More generally, replacing factor i with intermediate
input j raises TFP, when §; > P].r. Finally, the competitive terms of trade capture the
distributional effect of markup changes. Holding other margins fixed, an increase in y;
lowers the distributional component of log TFP; in proportion to A;F;.

Equation (5) characterizes first-order variation in cluster r’s value-added share, ®,. It
identifies four margins. First, @, rises when expenditure shifts toward households with
high direct exposure to cluster output, f,, or high indirect net exposure, %y,,. The lat-
ter measures household /’s expenditure that reaches cluster-r revenue through external
tirms” demand for cluster inputs, net of expenditure that reaches external-firm revenue
through cluster firms” input demand. Thus, a shift in expenditure from household b
to household h raises @, if By, + By, > Py, + By|,- Second, P, responds to markup
shocks through the cluster’s revenue exposure to the affected firm. A marginal increase
in p; changes @, in proportion to A;ip;,, where ¢, is firm i’s net revenue exposure to
cluster r: revenue reaching cluster firms through external intermediate demand, net
of revenue reaching external firms through cluster-firm intermediate demand. Third,
®, responds to cost recomposition. Changes in firm i’s intermediate-input cost share

on supplier j, ﬁj;-, affect ®, with weight ‘ui)\izp]-‘r; changes in direct cluster demand,
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Bu|r, enter with weight x;,; and changes in household /’s demand for firm i, B;, enter
with weight x;, ;. Finally, ®, rises when the net routing of aggregate revenue toward
cluster firms increases: external firms spend more on intermediates produced in .4}, or
cluster firms spend less on intermediates produced outside .4;. Equation (6) gives the
tirst-order variation in household expenditure shares, x;,. It shows that dy;, loads on
factor income, profit income, ownership shares, firm size, and transfers. Profit income
from firm i to household / scales with «x;; and A;. Since y; is an inverse markup, a fall

in y; raises rents and increases the expenditure share of households that own firm i.
Corollary 1. Partial equilibrium allocative efficiency effects for cluster . 4.

(a) Markups. For a 1% increase in y;, equivalently a markup reduction:

ar A S 0)
A+ 3; <¢i|r + Hi (1{i¢m} 2 O~ Lyesy ), QZ)) —AE

e j#h

(b) Factor-income shares. For a one-percentage-point shift from Ay to Ay:
% (:Bh|r — Bojr + By — '%)b|r> + 0, — O
(c) Expenditure shares. For a one-percentage-point shift from x;, to x;:
C}% (:Bh\r — Bojr + By — %v) + M, — Mj,.
(d) Factoral cost reallocation. For a one-percentage-point shift from (N)fb to ﬁfh:
piAi (3 —0) -
(e) Final expenditure reallocation. For a one-percentage-point shift from f,; to By;:
Xn (Ff —F+ q.% (ll’ﬂr ~ Wjir T Lgieny — 1{;’%})) :
(f) Intermediate cost reallocation. For a one-percentage-point shift from ﬁ; to ﬁfm

T T 1
HiAi (Fj —F,+ a (lpm|r - lpj\r+]l{m€Ji/r} - ]l{jem})) :

Corollary 1 gives six partial-equilibrium comparative statics for the allocative-
efficiency component of TFP,, holding all other channels fixed. First, a reduction in firm
i’s markup raises TFP; it % + c}% (‘Pi|r + u; (1{1‘@/%} Yies (sz; — Ly g, ﬁ;)) >
F'. Alarge F/ makes this condition harder to satisfy because the competitive terms-of-
trade effect is a larger distributional drag. Second, a one-percentage-point shift in factor

income from factor b to factor h raises TFP; if By, — By + By — Bp)r > Pr(9], — 6p)-
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Third, a one-percentage-point shift in expenditure share from household b to house-
hold h raises TFP; if By, — Byjy + Byjr — By > Pr(Mj, — My). Thus, factor-income
and expenditure reallocation are not equivalent: for the same shift from b to h, the
expenditure-share effect exceeds the factor-income effect when M; — M} > 4, — J;.
Fourth, a one-percentage-point shift in firm i’s factor-cost share from factor b to fac-
tor h, ﬁfb — ﬁfh, raises TFP, if (52 > 5;1. Fifth, a one-percentage-point shift in
household #’s final expenditure share from firm j to firm i, B;; — Py;, raises TFP;
if i, — Pjir + Liieny — Lijesgy > Pr(F — Ff). Sixth, a one-percentage-point shift in
tirm i’s intermediate-input cost share from supplier j to supplier m, Qx — Qx , raises
TEP if Y — Yjjr + Lime sy — Ljesyy > Pr(Fy — F]’) In each case, TFP, rises when
the value-added-share gain from reallocation exceeds the allocative-efficiency drag
from shifting weight toward high-6", high-M", or high-F" objects.

When cluster r is associated with a set of households .77 and fully local factor markets
hold—resident factors are not used outside the cluster, and cluster firms do not hire
nonresidents—equation (1) implies ®, = Y ;e Ay + Lic 4.(1 — pi)A; and dd, =
Yhes AAy + Yic (1 — pi)dA; — Ajdy;). Corollary 2 characterizes d log Y; in this case.

Corollary 2. Suppose cluster r has fully local factor markets. Then

dlogY, =Y Aldlog A;+ Y (1—py) =t (dlog )+ Y Oy lpm]dlogy])

16/1/ i€ meN ]6/1/ @)
Y A-w ( Y OfdlogAy+ Y Y O, dlogAy) + Y AjdlogLy,
icH hest heAtjenN hes#
Equivalently, d log Y, can be written as
dlogV, =Y A7 dlog Ai+Y (1 — —dlogptl—l—z Xh( rod10g X+ Y By )
ey et e ® jer ®
+Y ZL(=, dlogy]+y]( Z =%, 405, -1 = 40)) + Y AjdlogLy,
jenN Pr hex I he A
—_ X
.= (1- Hi)(%ﬁ —Ai Y, Ahb< ey O+ Y OF ’P;b))
e bew tMb jen
‘E%hj = Z ( <lp]z Z (]l{be .} sz + Z ﬁ;{m @ﬁmb))/
i€ meN
_r Ai X X X lp]gh Y ~x L
By = (1— i) (x Y., O, i + 95 — A Y AL (1{116%}0171 + ), O %h))r
i€t J men hes “rh neN
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5L, = 2(1—%)(%’%1-—% L %(1{1@%} O+ Y O {/;ﬁh»’

me e heswr ‘M neN

- A ~ -
B =), (1—%) ( ey Qp+ Y, O lPﬁh)
e neN

In particular, under no cluster rents dlog Y, = Y jc 4 33 dlog A; + Y hen %’: dlogLy.

The first decomposition in equation (7) isolates the sources of cluster-level real-value-
added growth under fully local factor markets. The first term aggregates productivity
shocks from all firms using the cluster-specific incidence weights A!. Thus, cluster
remains exposed to productivity changes originating both inside and outside the cluster
through input-output linkages. The next terms show how local rents convert markup
and factor-income-share changes into real-value-added effects. Increases in cluster-firm
cost-to-GDP shares, j1;A;, raise Y, with weight (1 — y;)A;/ ®,, the rent share of cluster-r
value added generated by firm i. The propagation term ), ﬁfm X e i dlog pj captures
how markup shocks anywhere in the network affect cluster firms through downstream
cost exposure. These rent-mediated effects are offset by changes in the factor-income
distribution A: increases in factor-income shares for i1 € J# reduce Y, in proportion to
cluster firms’ direct factor-cost exposure, ﬁfh, while ) ; ()j;l];fh dlog Ay, captures indirect
exposure through intermediate-input linkages. The final term, };, A7 dlog Ly, captures
changes in local and external factor supplies, weighted by {Al },c .

The second decomposition in equation (8) rewrites the same first-order variation,
dlogY;, in terms of distributional and network primitives. Substituting the first-order
variations in A and A yields a formula for how Y; responds to changes in household
expenditure shares x,, household final-demand shares B;, inverse markups y;, and
firm cost shares on intermediate inputs and primary factors, (~)’.‘ and ﬁlf . The coeffi-

=r

i By »and E5, are sufficient statistics for the local effect of each
jm 'jh
primitive perturbation on cluster-level real value added under fully local factor markets.

=r
cients E _th, = [

This representation separates the roles of technology, inverse-markup wedges, house-
hold demand composition, and firms’ cost structure. It is therefore the more primitive
decomposition: it shows not only that cluster-level real value added depends on rents
and factor-income shares, but also which reallocations in household expenditure and
firm input costs drive those dependencies.

The no-domestic-rents case provides the relevant Hulten-type benchmark. If firms in
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cluster r are competitive, y; = 1 for all i € .47, and fully local factor markets hold, cluster
value added is exhausted by compensation to factors in .7, so the rent-mediated terms
in Corollary 2 vanish. In that case, dlogY, = Y ;c 4 % dlog Aj + Y yen %’z dlog Ly,
so cluster real-value-added growth reduces to a Domar-weighted local productivity
component plus a factor-income-weighted local factor-supply component. This is a
cluster-level Hulten result: the local envelope condition eliminates first-order reallo-
cation terms, leaving only productivity shocks to cluster firms and supply shocks to
local factors. Unlike Hulten (1978), which applies to aggregate growth accounting in an
efficient economy with intermediate inputs, this result applies to a production cluster
embedded in a larger network. Under country-level factor-market segmentation, it
specializes to the open-economy Hulten-type decompositions in Burstein & Cravino
(2015) and Baqaee & Farhi (2024). The implication is that, at this benchmark, clus-
ter TFP, is first-order neutral to demand-side reallocation: expenditure-share shifts,
markup perturbations around the competitive benchmark, and rent-mediated network
propagation do not affect Y; at first order, provided cluster value added is exhausted

by local factor payments and factors do not move across clusters.

3.3 Relationship with Baqaee & Farhi (2024)

Baqgaee & Farhi (2024) derive a decomposition of country-level real GDP Y, in a general
open-economy production network with arbitrary price-cost wedges. In their notation,
the producers and factors located in country r are .4; and .%,. Physical location and
ownership need not coincide: firms and factors located in country r may generate
income for households residing elsewhere. This section shows that Corollary 2 delivers
the corresponding country-level specialization under fully local factor markets, but ex-
presses it using incidence-based sufficient statistics. Relative to Baqaee & Farhi (2024),
this representation has two practical advantages. First, it captures how productivity,
markup, factor-income-share, and factor-supply shocks anywhere in the network affect
Y, through their incidence on cluster-r real value added. Second, it does not require
changes in net imported quantities or their valuation shares in domestic GDP. More
generally, Theorem 1 does not impose country-level factor-market segmentation, and
therefore applies to arbitrary production clusters, including settings in which capital,
intangible inputs, or digital labor can move across countries or clusters. The Online

Appendix details the mapping between the two approaches.
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The net quantity of good i produced in country-r is q,; = 1ic 4}Yi — Lje_s; Xji- Its Di-
visia share in country-r GDP is therefore Qy ; = p; q,;/ GDP;. Accordingly, the country-
r GDP deflator and real GDP satisfy dlogpy, = Yc » Qy,idlogp; and dlogY, =
Y.ic v Qy,idlogq., where dlog g,; is interpreted as dg,;/q,; even when ¢q,; < 0. Let
Py = dlogpy, Py sy = dlogp y s, Wz, = dlogwsz,, and A, = dlog(A g s,)-
Under the inverse-markup convention used here, domestic price variation is given by
= (In, — ﬁxDr)fl (ﬁ@ﬁ?g@ + ()yrﬁ/,/\:/,/r — @m) Here QY € RN~>N s the do-

N-N;)

mestic cost-based input-output matrix, QM ¢ RN is the imported cost-based

*Fr is the domestic cost-based factor-share matrix

input-output matrix, and ﬁz € RN
measuring country-r firms” exposure to local factor prices. The matrices QP and O
are obtained by restricting Q) to rows i € .4; and then partitioning columns into do-
mestic suppliers, j € .4;, and foreign suppliers, j & .A4;; ﬁz restricts () to rows i € .4}
and local-factor columns f € .%,. Define ¥’, = (I N, — QP ")~1, and let ﬁ;r denote its
(i,j) element for i,j € A;. For j € 47, define Ay,; = Yic 4 er@fjr For f € %, define
Ay, f = Yie s Qi Ljey, 1/)"*04 Fori ¢ ., define Ay,i = Le s, Qvym Ljey; szV Qx
Finally, define Ay, = w¢L¢/GDP; for f € F, and Ay,; = piy;/GDP, fori € .

Corollary 3. Baqaee & Farhi (2024). Under country-level factor-market segmentation,
and defining Ay,; = —p;q,;/ GDP, for i ¢ #;, country-r real GDP satisfies

dlogY, = Y| Xyrj(dlogA]-—i—dlogyj) - ) /N\yrf dlog Ay, ¢

jE/V feyr
+ Y (Ay,i — Av,i)(dloggr — dlog Av.;) + Y Ay,pdlogLy.
ig N fez

Corollary 3 restates the Baqaee & Farhi (2024) first-order country-level real-GDP
decomposition and makes explicit its connection to Corollary 2. Relative to Corollary 2,
this representation is less convenient to implement in standard production-network
data for three reasons. First, Corollary 2 captures productivity, markup, factor-income-
share, and factor-supply shocks originating anywhere in the network through their
incidence on cluster r. By contrast, in Corollary 3, the direct technology, markup, and
factor-supply terms are attached to domestic firms and local factors; foreign-firm effects
enter indirectly through the imported-net-quantity term involving dlogg,; and the
import valuation shares Ay ; in domestic GDP.

Second, Corollary 2 does not require tracking changes in imported net quantities.

In the Bagaee & Farhi (2024) representation, implementation requires changes in the
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country-r net-output quantities g,; for foreign goods i ¢ .#,—equivalently, changes
in imported intermediate quantities —g,,—together with the import valuation shares
Ay = —piq,i/ GDP,. This distinction matters empirically because standard input-
output tables usually report nominal flows. Recovering the corresponding quantity
changes requires price or deflator information by origin, sector, and use, which is often
unavailable or noisy. By contrast, the sufficient statistics in Corollary 2 are built from
standard production-network observables: revenue shares, cost shares, expenditure
shares, factor-income shares, and network centralities.

Finally, Theorem 1 is more general than the country-level real-GDP decomposition
in Baqaee & Farhi (2024). Whereas Baqaee & Farhi (2024) assign producers and factors
to countries and impose country-level factor-market segmentation, Theorem 1 imposes
no analogous restriction on clusters. It therefore applies to arbitrary production clusters,
not only countries, and accommodates settings in which factors move across clusters.
These considerations make the theorem useful when clusters are not countries, or when
factor mobility and missing imported-net-quantity data make Corollary 3 difficult to
implement. When the cluster is a country and fully local factor markets hold, Corollary 2
provides the corresponding convenient implementation.

This distinction also matters for comovement. Huo et al. (2025) decompose interna-
tional GDP comovement into network transmission and correlated shocks in a competi-
tive production network. Their model is a useful benchmark, but it does not feature the
rent-generating transmission channels emphasized here. Without wedges, there is no
endogenous TFP-incidence channel operating through rents. Thus, their mechanism
concerns country-level GDP comovement in a competitive network, whereas here, I

emphasize cluster-level real value added and TFP in distorted networks.

3.4 Example 1: Two-Sector Circular Network with a Common Factor

Figure 1: Circular Network L is a common factor used in both energy (e) and
food (f) production. The two firms trade intermedi-
ates and operate CRS technologies y, = A, Q.(¥e, X, f)
and y; = As Qf(ﬁf,xfe), where /, and {; denote
labor used in energy and food, x, is food used as

an input in energy, and xy, is energy used as an in-

put in food. Define intermediate input cost shares
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We = PrXef/Pe PeYe and wy = peXs. /s prYys. A representative household supplies
L, owns both firms, and consumes e and f through Y = Qy(C,,C f), with energy
expenditure share B = p,C./PyY. Nominal value added in sector r € {e¢, f} is

py.Yr = (1 — pyw;) pryr. Applying Theorem 1 yields the following decompositions:

. . . — Uew ¢
dlog Y, = Aodlog Ac+ % dlog As + (/\§+Ae (% - %)) dlog jie
e

V4 /4
Yre +uswy Yy Yre—1 1-9;

+1 -yt de— e+l PE— L
—I—;if/\f(%'cepe + lp@)dwij(lp ¥ + dp+dlogL,

A D, A

- ; - + pew £
dlogYy = A{dlogAe—k/\;dlogAf—l— <A£—|—Ae (‘[Je'foyee - %)) dlog ye

, Yrp— Hwp ¥ v 11—
+<A§+Af (—ffcpff f—xf dlognyrye/\e Vi + f dcw,

) A

A . 7 Gop—Ppr— 1 VW
—{—,uf)\f< &, + A dwys + o, + A dB+dloglL,

where

B+ (1—B)uswy v, — L= Bt Bpew.

Ae = , ,
‘ 1 — pewep pwy Fma= HeWel ff

A= (1—we)pere + (1 —wi)pshs,
q)e = (1 — “l/lga)e)/\e, ch = (1 — ‘Llfa)f))\f,

e = (1 - prewe) (1= wewp) ™, = (1 - pywp) (1 - wewy) "
wz _ pe(1 — we(1 — :uf(l N “’f))) lpg _ Vf(l - wf(l — pe(1 —we)))
¢ 1 — pew,pwy ! f 1 — peweptpwy !
A& = o1 = pewetwy), 3§ = pe(1—po)we, N = ¢y (1= prewsee), AL =gp(1-pp)wy,

B P‘fwf(l_ﬂeer) _ o }”eWE(l—P‘fwf) _
Yile = wr Prip = ~¥re Pelf = wr Pele = —Pelf-

These expressions show that sectoral real value added responds to eight primitive

perturbations in five classes. For each r € {e, f}, dlog Y, responds to: (i) productivity
in energy and food, dlog A, and dlog A; (ii) inverse-markup wedges in both firms,
dlog pi. and dlog i ; (iii) intermediate-input intensities, dw, and dwy; (iv) final-demand
composition, d; and (v) aggregate labor supply, dlog L. The coefficients are pinned
down by equilibrium expenditure shares, wedges, and the circular network. Productiv-
ity shocks enter with rent-adjusted Domar weights A/, so a change in A; affects Y; both

directly, when s = r, and indirectly, when s # r, through intermediate-input linkages
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and rent-adjusted pass-through. Inverse-markup shocks d log s affect Y; through a
direct rent-adjusted pass-through margin, governed by A, and a reallocation margin,
captured by the ¢, and ¥’/ A terms. Changes in input intensities, dw, and dw £, and
final demand, dp, affect both the cluster value-added share and distributional realloca-
tion, changing the sensitivity of Y, to upstream revenue pass-through and factor-income

incidence. Finally, because L is the only primary factor, d log L enters one-for-one.

3.5 Example 2: Two sectors, Two households and a Common Factor

High-skill labor Ly, is used only in man- Figure 2: 2-Sector 2-Household Network
ufacturing (m), while low-skill labor L,
is used in both manufacturing and agri-
culture (a). Firms operate CRS technolo-
gies ym = AmQm(lpn, ) and yo =

AsQa(ly, Xam), where ¢, and ¢, are

high- and low-skill labor used in manu-
facturing, ¢, is low-skill labor used in agriculture, and x;;,; is manufacturing output,

interpreted as machinery, used as an intermediate input in agriculture. Assume no

wedges, iim = Ha = 1, and symmetric fixed revenue shares: 1 = TZ’;—% = Z’;—Ey”; =

z;i—f;‘;’ = %. High- and low-skill households b € {h,1} each own one half of both

firms, x,,, = %, = 1/2, supply their respective labor, and consume m and a through

_Pm bm
p;C

added equals revenue in manufacturing, py, Y = pmym, and equals revenue net of

= Q; (Cpym, Cpq), with manufacturing expenditure share B, = . Nominal value

intermediate costs in agriculture, py, Y, = palYa — PmXam = %pgyu. Applying Theorem 1

with B = (B, + B1)/2 and AB = Bj, — B yields the following decompositions:

3 — Bn 1+ B

1. AB(4—AB) dpy, dBi
+8(4 Aﬁ)((lJrﬁl (3-— ,Bh)dXh+3_ﬁh+1+ﬁl)’

dlogYm—dlogAm+1 b (dlogym—kwdlogﬂa)+%(dloth+dlong)

)
dlogYa=2dlogAu—3§1 B g10g 1, — L og o

B 3 — Bu
(4—AB) ((4—AB) 1+ 5
S ((3—ﬁh) A+ g )dﬁh+d/31) +dlog L,
dlogY = i +Aﬁﬁl)d1 og Am +L{4(1—Aé)dlogAu+41j£gdloth+3 ﬁﬁdlong
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The closed-form expressions highlight five forces. First, productivity shocks operate
through direct sectoral technology channels: A, affects Y}, and A, affects Y;, with
no cross-firm productivity exposure. This is the competitive-envelope implication:
absent wedges, firm productivity does not transmit across firms through rent-adjusted
pass-through. Second, inverse-markup shocks reallocate real value added across sec-
tors but wash out in the aggregate. A higher markup in manufacturing or agriculture,
equivalently a fall in y, or p,, lowers Y, and raises Y,. Thus, wedge shocks generate
distributional movements in sectoral real value added rather than changes in aggregate
efficiency. Third, expenditure composition affects only the sectoral split. A shift in ex-
penditure toward the high-skill household, dx; > 0, raises Y}, and lowers Y, whenever
Br > Bi, since high-skill households tilt demand toward manufacturing. Fourth, an
increase in either household’s taste for manufacturing, higher p;, or f;, also raises Y},
and lowers Y,. Hence, demand recomposition through either (x;, x;) or (B, B;) reallo-
cates real value added across sectors but leaves aggregate real value added unchanged.
Finally, labor-supply exposure differs sharply across sectors: manufacturing loads on

both L, and L; with elasticity 1/2, whereas agriculture loads only on low-skill labor.

4 Sectoral TFP Incidence in the U.S. Production Network

This section implements Theorem 1 in U.S. sectoral data. I construct sector-level TFP
growth for 66 private industries over 1997-2021 by combining BEA production-network
data, BLS productivity data, OEWS occupation-level labor income, and CEX income-
specific consumption shares. The implementation captures both production-network
linkages and household heterogeneity: occupations differ in industry exposure, and
households differ in consumption baskets. I use the resulting sectoral TFP series to
study aggregate TFP contributions, sectoral comovement, and the sectoral anatomy of

the Great Financial Crisis.

4.1 Data

The empirical implementation follows the data construction in Rojas-Bernal (2026)
and combines BEA, BLS, OEWS, and CEX sources. BEA’s Industry-Level Production
Accounts with Extended Capital Detail provide observed industry productivity growth,
dlog A;;, and capital compensation by nine asset classes; I harmonize them to the

Production Accounts classification and build a balanced industry-asset-year panel for
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1997-2021. BEA Use and Make tables for 1997-2021, restricted to 66 private industries
and excluding government and scrap /used categories, provide the production network.
Row-normalizing yields the industry input-output matrix. For each industry-year, I
construct sales, value added, and input costs: labor, intermediates, and asset-level
capital compensation. I measure inverse markups as y = Cost/Sales, where Cost =
Labor + Capital + Intermediates, and construct industry-year productivity shocks from

ILPA. I use OEWS data to construct occupation 0’s labor cost share in industry i,

ﬁg _ Labor Income;, s Labor Costs; ;
io =\ X Labor Income,y , Cost;;

>, and stack 833 occupations with nine capital

assets to form (). Finally, I use CEX to map income to 66-industry expenditure shares

by averaging spending within each household-year’s 100 nearest-income neighbors.

Let ], ; denote mean OEWS earnings for occupation o, and set B, equal to the CEX

expenditure-share vector of the household whose income is closest to ], ;. To match

Production Accounts final demand BI°, I define the residual non-labor bundle as
N = (1= Y0 Aot) ' (BIO = X AotBoyt)-

The model has 66 sectors and 843 household types: 833 labor-income households,
one for each occupation o; nine capital-income households, one for each asset class;
and one residual household that receives profits. Labor-income households consume
according to B, , capital-income and profit-earning households consume according
to BNL. Under this specification, model-implied aggregate TFP closely tracks BLS
aggregate TFP growth, with an index of agreement of 0.91 and a correlation of 0.87.

To make the equilibrium objects concrete, Figure 3 reports the 2019 sector-by-factor
matrix /"\,';, where each cell measures the incidence of Lj on Y;. The columns aggregate
the 833 occupations into 22 SOC major groups and add the nine capital types. The
heatmap shows that factor exposure is not sector-exclusive: many sectors load on
management-related and office-administrative occupations, as well as on structures
on the capital side. At the same time, natural sector-specific patterns appear: health-
care sectors load heavily on health occupations, while housing and other real-estate
sectors are strongly exposed to structures. The heatmap displays one high-dimensional
production-side incidence matrix, which is later collapsed into partial-equilibrium
sufficient statistics and compared with full general-equilibrium responses in Section 5.

Implementing Theorem 1 delivers annual sector-level TFP growth rates. I use these

series to study realized outcomes: which sectors drive the aggregate TFP path, which
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sectors comove with the rest of the economy, and which recover or remain scarred
during the GFC. In Section 5, I compare partial-equilibrium sufficient statistics with

tull general-equilibrium adjustments under a parametric nested-CES structure.

4.2 Sectoral Contributions to Aggregate TFP Levels

I tirst measure each sector’s cumulative contribution to the aggregate TFP path. The
baseline index cumulates sectoral TFP growth, dlog TFP; = ) ;c 4 ®;;_1dlog TFP;;.
For each sector i, I construct a leave-one-out path that omits sector i’s contribution
and renormalizes the remaining value-added weights. The terminal gap between the

baseline and leave-one-out paths measures sector i’s cumulative contribution.

Table 4: Top 10 Sectors with Largest Positive and Negative Effect on TFP

Sector Diff  Sector Diff

Computers & Electronics 421% Farms -4.44%
Oil & Gas Extraction 2.89% Construction -2.38%
IT Systems Design 2.76% Housing -2.11%
Administrative Support 2.59% Other Services -1.84%
Data & Internet Services 1.94% Chemical Products -1.71%
Broadcast & Telecom 1.29% Rental & Leasing -1.35%
Ambulatory Health Care 1.27% Credit & Intermediation -1.15%
Other real estate 1.23% Fabricated Metals -1.14%
Insurance & Related 1.09% Education Services -0.79%
Publishing industries except 0.87% Apparel & Leather -0.76%

Note: Diff is the 2021 terminal gap between the baseline aggregate TFP path and the leave-one-out
path excluding sector i. The baseline cumulates dlog TFP; = } ;- y ®;;_1d1log TFP;; from 1997=100; the
leave-one-out path renormalizes remaining value-added weights. Positive values mean exclusion lowers
terminal TFP; negative values mean exclusion raises it. Sample: 66 BEA industries, 1997-2021.

Table 4 and Figure 4 summarize sectoral contributions to aggregate TFP over the
full sample. Computers and electronics, oil and gas extraction, and administrative
support are the largest positive contributors, while farms, construction, and housing are
the largest negative contributors. Aggregate TFP is therefore shaped by a small set of
cumulative contributors and drags rather than by smooth contributions from all sectors.
The gaps are time-varying rather than parallel, indicating that sectoral contributions
are concentrated in particular episodes. This motivates separating full-sample level
effects from the sectoral anatomy of specific episodes, especially the GFC contraction

and subsequent recovery.
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Figure 3: Y, Elasticities A}, 2019
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Figure 4: Counterfactual TFP Level Paths Excluding Individual Sectors, 1997-2021
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Note: The solid black line is the baseline aggregate TFP path, cumulating dlog TFP; =

Yic v ®it—1dlog TFP;; from 1997=100. Dashed/dotted lines are leave-one-out paths, Alog TFP;i =
Yt %A log TFP; ;. Blue dashed lines exclude the two largest positive contributors; red dotted

lines exclude the second- and third-largest negative contributors.

4.3 Sectoral TFP Comovement and Network Position

I next measure comovement with the rest of the economy. Figure 5 plots, for each sector,
the correlation between sector-level and aggregate TFP growth over 1998-2021. Open
markers report the baseline, p; = corr(dlog TFP;;,dlog TFP;), where the aggregate
index includes sector i. Filled markers report the leave-one-out correlation, pi_i =
corr(dlog TFP;;,dlog TFP; ), where aggregate TFP is recomputed excluding sector i
and renormalizing the remaining value-added weights. Sectors are ordered by p;i.

Table 5 relates comovement to sector size and network position. Larger sectors
exhibit more negative leave-one-out comovement under both revenue- and cost-based
Domar weights. The cost-based weight A; = (¥’ x); measures the share of aggregate
value added that passes through sector i through downstream cost linkages. The
coefficients on both A; and A; are negative and statistically significant at the 1% level in
the p;i regressions, while neither measure explains the baseline correlation p;. Thus,
sectors that are large in sales or central to other sectors’ cost structures tend to move
against the rest of the economy’s TFP.

The downstream extraction wedge A; — A; also predicts lower leave-one-out comove-
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ment at the 5% level. This object measures cost-based centrality in excess of revenue
centrality: it is large when a sector is more important as an upstream input into other
sectors’ cost structures than its own sales would suggest. The negative coefficient
implies that upstream, cost-central sectors have TFP growth that is more negatively
correlated with the rest of the economy. Thus, network position matters beyond size:
sectors whose cost-based centrality exceeds their revenue centrality systematically
counter-move with the rest-of-economy TFP component.

Finally, the customer Herfindahl index, HHI; = Yic - (AWji/ Yke s Akai)z, where
Wii = pixji/ p;‘ Xj is buyer j’s within-intermediate-input share sourced from supplier Z,
measures the concentration of sector i’s downstream customer base in the input-output
network, weighting buyers by Domar weights. This statistic enters negatively and is
significant at the 10% level. Sectors selling to diversified customer bases, with low
HH]I;, are exposed to a broad cross-section of downstream shocks and therefore comove
more strongly with the leave-one-out aggregate. By contrast, sectors selling to a few
large buyers load more heavily on buyer-specific shocks, pulling their comovement
with the rest of the economy toward zero or negative values.

Taken together, these results show that network position shapes sectoral comove-
ment along two margins. First, sectors that are large in Domar terms, or whose cost-
based centrality exceeds their revenue centrality, tend to move against the rest-of-
economy TFP component. Second, sectors with concentrated downstream customer
bases are less synchronized with the aggregate because their TFP growth loads more

on buyer-specific shocks than on broad economy-wide movements.?

4.4 The GFC and the Sectoral Anatomy of Recovery

Figure 6 summarizes the sectoral anatomy of the Great Financial Crisis. The left panel
reports cumulative TFP changes for three windows: the 2006-2007 pre-stress period, the
2008-2009 core crisis, and the 2006-2009 stress-and-crisis window. The right panel then

reports the 2010-2012 recovery for the same sectors, ordered by cumulative change in

These patterns do not appear for a broader set of unreported sectoral regressors. At conventional
significance levels, neither p; nor p; is significantly related to alternative measures of network posi-

tion, size, volatility, or sector type: A;/A;, standard upstreamness and downstreamness, final-demand
exposure, markups, value-added shares, sector-level TFP volatility, mean and mean absolute sector-level
TFP contributions, a goods-producing-sector dummy, row and column sums of A, sums of ¥, Leontief

output multipliers, and granular-volatility measures such as o;A;, (717&1', and A;o;/ Y sz.
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Table 5: Cross-sectional regressions of

Figure 5: Sectoral TFP Correlation with
sectoral comovement
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report p; .
TFP during the 20062009 stress-and-crisis window. The figure shows that the crisis was
not a uniform sectoral TFP collapse. The largest stress-and-crisis window (2006-2009)
declines were concentrated in motor vehicles and parts (-74.18%), funds and trusts
(-73.31%), furniture (-41.26%), petroleum and coal products (-40.23%), nonmetallic
minerals (-37.93%), apparel and leather (-30.05%), other transportation and support
(-27.18%), construction (-24.71%), mining except oil and gas (-24.65%), wood products
(-24.03%), fabricated metals (-22.39%), textiles (-20.29%), and primary metals (-19.38%).
The timing of these declines is central. Motor vehicles did not exhibit pre-crisis
TFP stress: it rose 9.79% in 2006-2007 and then collapsed by 76.48% in 2008-2009.
Funds and trusts, by contrast, is the cleanest pre-crisis collapse: it fell 38.25% before the

recession and another 56.77% during 2008-2009, for a cumulative 73.31% stress-and-
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crisis window. Construction, mining except oil and gas, petroleum and coal, textiles,
and other transportation and support also declined in both the pre-stress and core-crisis
windows. These sectors are therefore better examples of persistent deterioration over
the stress-and-crisis window, rather than a one-time recession shock.

The recovery panel in Figure 6 shows that the post-crisis rebound was highly uneven.
Some large losers recovered sharply: motor vehicles rose 730.08% in 2010-2012, funds
and trusts rose 70.77%, apparel and leather 68.25%, primary metals 49.36%, wood
products 40.50%, and fabricated metals 15.31%. The motor-vehicles rebound is so large
that it is capped in the recovery panel for readability. But this rebound pattern was not
general. Several sectors continued to lose TFP after the crisis window.

Figure 7 plots the 2010-2012 recovery against the 2006-2009 full-cycle contraction.
The dashed 45-degree line marks a recovery exactly equal to the earlier loss. The
titted lines are much flatter, indicating that sectors with larger crisis losses tended to
recover more, but not enough on average to undo the contraction; this is especially clear
for the value-added-weighted fit, which gives more weight to larger sectors. Motor
vehicles and parts is excluded from the fits because its rebound is an extreme outlier.
Several sectors show no recovery, with negative TFP changes both in 2006-2009 and
in 2010-2012: petroleum and coal products fell 40.23% during 2006-2009 and another
28.18% during the recovery; mining except oil and gas fell 24.65% and 27.64%; other
transportation and support, 27.18% and 7.26%; construction, 24.71% and 6.56%; textiles,
20.29% and 4.26%; and other services, 14.26% and 4.75%.

Table 6: Financial-Sector TFP Across Great Financial Crisis Windows

Sector 20062007 2008-2009 2006-2009
Credit & Intermediation -21.38% 43.29% 12.66%
Securities & Investments -5.74% 167.47% 152.11%
Insurance & Related 24.6% -14.08% 7.05%
Funds & Trusts -38.25% -56.77% -73.31%
Rental & Leasing 1.06% -1.11% -0.07%

Note: Entries equal 100[exp(Y_; Alog TFP;;) — 1], so they are cumulative level changes, not sums of
annual percentage changes. Positive values indicate TFP increases; negative values indicate declines.

Table 6 isolates financial and asset-related sectors and shows that “finance” was not
homogeneous. Funds and trusts is the clear collapse case: TFP falls in both 2006-2007
and 2008-2009, for a cumulative 73.31% decline over 2006-2009. Credit intermediation
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Figure 6: Sectoral TFP Around the Great Financial Crisis
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Note: The left panel reports the 2006-2007 pre-crisis stress, 2008-2009 core crisis, and 20062009 full stress-
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20062009 TFP change. Changes equal 100[exp(}_; Alog TFP; ;) — 1], so they are cumulative level changes.
Recovery values are capped at 150% for readability; capped observations are plotted at the boundary
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talls sharply in the pre-stress period (-21.38%) but rises 43.29% during 2008-2009,
leaving a positive 12.66% change over the full stress-and-crisis window. Securities and
investments is even more unusual: after a small pre-stress decline (-5.74%), TFP rises
167.47% during 2008-2009 and ends the full 2006-2009 window up 152.11%. Insurance

talls in the core crisis (-14.08%), but its pre-crisis gain leaves it positive over 2006—-2009.

Figure 7: Sectoral Contraction and Recovery Around the Great Financial Crisis
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Note: Sectoral TFP recovery in 2010-2012 versus cumulative 2006-2009 losses. Horizontal-axis contrac-
tions equal 1001 — exp(}_; Alog TFP;;)]; recovery equals 100[exp(}_; Alog TFP; ;) — 1]. The dashed line
is 45 degrees. The blue fit is unweighted; the red fit is weighted by initial value-added shares, ®; 50p6.
The preceding figures describe the collapse and early recovery; Table 7 extends the
horizon by measuring medium-run scarring, defined as sectoral TFP in 2014 relative to
2007. The scarring pattern is not identical to the 2006-2009 contraction ranking. Some
sectors that looked damaged during the crisis continued to show persistent losses:
mining except oil and gas is the largest scarred sector, with TFP 52.02% below its 2007
level; other transportation and support remains 20.23% below 2007; construction 17.48%
below; rental and leasing 11.82% below; and other services 10.32% below. At the same
time, some crisis-period losers ended up with large medium-run gains. Funds and

trusts, despite its severe 2006-2009 collapse, is 120.06% above its 2007 TFP level by
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2014; motor vehicles and parts is 81.41% above; and apparel and leather is 58.45%
above. This reinforces the message from Figure 7: the crisis generated both scarring
and reallocation, and the sectors with the largest short-run losses were not necessarily

those with the largest medium-run scars.

Table 7: Largest Sectoral TFP Losses and Gains from 2007 to 2014

Largest 2014 TFP Scars Relative to 2007  Largest 2014 TFP Gains Relative to 2007

Sector Level change Sector Level change
Mining, except oil and gas -52.02 Pipeline Transport 158.99
Chemical Products -28.14 Data & Internet Serv. 130.82
Printing & Support -26.08 Funds & Trusts 120.06
Legal Services -23.95 Mining Support 115.98
Fabricated Metals -21.86 IT Systems Design 90.19
Other Transport & Supp. -20.23 Motor Vehicles & Parts 81.41
Construction -17.48 Securities & Invest. 73.7
Rental & Leasing -11.82  Air Transport 65.38
Other Services -10.32  Arts, Sports & Museums 61.44
Broadcast & Telecom -6.6 Apparel & Leather 58.45

Note: The table reports the sectors with the largest negative and positive TFP level changes between
2007 and 2014. Sectoral TEP levels are normalized to 100 in 2007 and evolved forward using sectoral TFP
growth rates. The left panel lists the sectors with the largest remaining TFP losses by 2014, while the
right panel lists the sectors with the largest TFP gains relative to 2007. Entries are index-point changes
relative to the 2007 sectoral TFP level. Negative values indicate persistent TFP scarring, while positive
values indicate that the sector’s TFP level exceeded its 2007 value by 2014.

Table 8 formalizes the distinction between short-run recovery and medium-run
scarring. Columns (1)—(3) use 2010-2012 TFP recovery as the dependent variable, while
column (4) uses the 2014 TFP level relative to 2007. The table separates the core 2008—
2009 contraction from the broader 2006-2009 contraction. The recovery regressions
show bounce-back from the core crisis: in column (2), a one percentage point larger
2008-2009 TFP decline predicts a 1.106 percentage point larger 2010-2012 recovery,
significant at the 1% level. The coefficient on the broader 2006-2009 contraction is
smaller, 0.452, and significant at the 10% level, consistent with that window mixing
temporary collapse with more persistent deterioration.

Medium-run scarring is selective. Customer concentration is the strongest pre-crisis
structural predictor. Customer HHI is positive and significant at the 10% level in the
recovery regressions in columns (1) and (3), and positive and significant at the 1% level
in the scarring regression, with a coefficient of 131.31. Since the scarring outcome is

the 2014 TFP level relative to 2007, this implies that sectors with more concentrated
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customer bases experienced smaller medium-run scars or larger medium-run gains.
The result suggests that customer structure matters for post-crisis TFP dynamics. The
other significant medium-run result is the goods-sector coefficient: goods-producing
sectors are 25.59 percentage points lower relative to 2007, significant at the 5% level,
consistent with persistent losses in mining, chemicals, fabricated metals, construction,
and transportation support. By contrast, pre-crisis sector size, A, and the wedge A — A

are not statistically significant.

Table 8: Sectoral Recovery and Scarring After the Great Financial Crisis

1) (2) ) 4)
Recovery = Recovery  Recovery  Scarring
Core 1.106***
(0.368)
Extended 0.452*
(0.232)
A 415.581 619.232 388.352  —320.362
(534.007) (506.634) (522.33)  (198.702)
A=A —7871.438 —10245.218 —8284.225 2056.496

(9932.687)  (9372.08)  (9714.324) (3695.914)
Customer HHI ~ 127.267* 95.888 131.016*  131.31%*
(72.504)  (68.965) (70.919)  (26.978)

Goods sector 19.706 4.858 12.84 —25.586**
(26207)  (25.132)  (25.866)  (9.752)
Cons —12.012 —0.908 —4.349 12.602*
(19.68) (18.869) (19.64) (7.323)
R? 0.102 0.22 0.156 0.307
N 66 66 66 66

Note: Cross-sectional regressions of sectoral TFP recovery and medium-run scarring after the GFC.
Columns (1)—(3) use 2010-2012 TFP level changes; column (4) uses 2014 TFP relative to 2007. Core
contraction is the 2008-2009 TFP decline; extended contraction is the 2006-2009 decline. All TFP changes
are level changes. The scarring regression excludes core and extended because they are part of the
post-2007 TEP path. Controls are pre-crisis sector size A, the expenditure-revenue wedge A — A, customer
concentration, and a goods-sector indicator; A, 7», and customer concentration are measured in 2007.

Figure 8 compares gross revenue growth with sectoral TFP growth across the same
GFC windows. The figure separates scale from efficiency: revenue captures the size
of sectoral activity, while TFP captures the efficiency with which real value added
is generated. The quadrants organize the interpretation. The upper-right quadrant
contains sectors with rising revenue and TFP; the lower-left contains sectors with falling
revenue and TFP. The lower-right is especially important for the crisis build-up: revenue

expands while TFP falls, suggesting expansion without corresponding efficiency gains.
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Note: Panels plot cumulative sectoral revenue growth against cumulative sectoral TFP growth. Changes
are level percent changes, 100[exp(¥_; Alogx;;) — 1]. Zero lines separate revenue and TFP increases
from declines. Star markers indicate finance-, housing-, construction-, auto-, and metals-related sectors
emphasized in the GFC discussion. Blue lines show unweighted linear fits; red lines show fits weighted
by pre-window value-added shares, ®;. Off-panel labels report sectors outside the displayed range.

The upper-left captures the opposite case: revenue contracts while measured TFP rises,

consistent with downsizing, selection, or exit of low-productivity activity.

The pre-crisis period, 2006-2007, is unusual because the revenue-TFP relationship is

weak and slightly negative. Several crisis-relevant sectors are in the lower-right quad-

rant: credit intermediation, securities and investments, funds and trusts, construction,

data and internet services, and petroleum and coal products, all of which see revenue

growth while TFP declines. During the core crisis, 2008-2009, the relationship becomes

strongly positive, reflecting broad contraction in both activity and productivity. Con-

struction, fabricated metals, primary metals, insurance, accommodation, textiles, and
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motor vehicle parts dealers fall in both revenue and TFP. At the same time, securities
and investments and credit intermediation move into the upper-left quadrant: revenue
talls while measured TFP rises, consistent with downsizing or selection. Over the
2006-2009 stress-and-crisis window, the mixed nature of the episode is clearest. Motor
vehicles and parts, construction, metals, textiles, wood products, apparel and leather,
and furniture show conventional contraction, while funds and trusts and petroleum
and coal products combine rising revenue with large declines in TFP. Funds and trusts
is the strongest case: revenue rises 13.29%, while TFP falls 73.31%.

The recovery window, 2010-2012, restores a positive revenue-TFP relationship for
many sectors, but recovery remains uneven. Motor vehicles and parts is the most
extreme rebound, with revenue rising 50.04% and TFP rising 730.08%; pipeline trans-
portation and mining support also post large TFP gains. Yet petroleum and coal
products and mining, excluding oil and gas, see revenue growth while TFP falls. The
main message of Figure 8 is that sectoral TFP is not a proxy for sales, revenue, output,
or scale. It captures the efficiency with which real value added is generated. This
distinction matters for interpreting the GFC: in the build-up to the crisis, several impor-
tant sectors were expanding in revenue while measured TFP deteriorated, suggesting
inefficient expansion or overextension; during the core crisis, some sectors contracted
in revenue while measured TFP improved, consistent with downsizing or selection;
and during the recovery, most sectors returned to a positive revenue-TFP relationship,
but important exceptions remained. Thus, sectoral TFP reveals stress and adjustment

margins that revenue growth alone would miss.

5 General Equilibrium Propagation

Inow turn to counterfactual incidence. The goal is to assess when the partial-equilibrium
sufficient statistics in Corollary 1 approximate full general-equilibrium responses. For
each shock, I compare the local sufficient statistic with the response under a normal-
ized nested-CES model. This comparison identifies when the statistics are reliable
guides to equilibrium incidence and when endogenous changes in expenditure shares,
factor-income shares, and cost shares materially change the answer.

Following Baqaee & Farhi (2024) and Rojas-Bernal (2026), let Z = z/Z denote a

variable normalized by its equilibrium level. Firm i € .4 produces using the nor-
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. x— Ox

Xi = (Ljer Wyt )™ 1. Here, 0 is the elasticity of substitution between primary

factors and intermediate inputs, 8 is the elasticity within the primary-factor nest, and

0¥ is the elasticity within the intermediate-input nest. Similarly, each household & con-
o—1

sumes a normalized CES aggregate C;, = ( Ljc_s BniC,," ) Tgl,where o is the elasticity of
substitution across final goods. The key advantage of the normalized CES model is that
wf, aip, wi, Wij, and By, retain their interpretation from Section 2: they are equilibrium
cost or expenditure shares. I parameterize the model using the best-fit elasticities
from Rojas-Bernal (2026), imposing common elasticities across sectors and households:
6 = 0.001, 6, = 0.946, 0, = 2.319, and ¢ = 0.065. Thus, the calibrated model features
near-Leontief substitution between primary factors and intermediates, approximately
Cobb-Douglas substitution within the primary-factor nest, high substitutability across

intermediate inputs, and strong complementarity across final consumption goods.

5.1 Sectoral Shock Incidence: PE versus GE

Figure 9 compares the partial-equilibrium sufficient statistics from Corollary 1 with the
corresponding general-equilibrium responses. For sectoral productivity shocks, Panels
A and B normalize each column so the aggregate technology component equals 1%.°
The PE matrix is positive everywhere and strongly diagonal: productivity shocks raise
TFP in the shocked sector, with positive spillovers elsewhere. The GE matrix preserves
this structure but adds dispersion and some negative off-diagonal entries. These reflect
reallocation margins absent from the PE statistic: once expenditure shares and network
linkages adjust, productivity gains in one sector can lower measured TFP in others.
Still, the PE statistic closely tracks the GE response, with a correlation of 0.975 and an
index of agreement of 0.987.

Markup shocks behave very differently. Panels C and D consider increases in p,
equivalently markup reductions, normalized so the aggregate competitiveness compo-
nent equals 1%. In the PE statistic, diagonal entries are positive: reducing a sector’s
markup raises TFP in that sector. Off-diagonal entries are largely negative, so the
PE cross-sectoral incidence of markup reductions is mostly adverse for other sectors.

The GE effect substantially changes this pattern. Some diagonal entries become neg-

3A shock to sector i is scaled by 1/A,, so sectors with different baseline centrality are compared as
shocks with the same direct aggregate technology effect.
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Figure 9: Sectoral TFP Incidence: Sufficient Statistics and GE Effects

A. Productivity: PE statistic B. Productivity: GE respons

C. Inverse markup: PE statistic D. Inverse markup: GE response

Note: Panels A and C report the PE sufficient statistics from Corollary 1; Panels B and D report the
corresponding GE responses. Panels A-B use technology shocks; Panels C-D use markup shocks. Each
cell (r,1) gives the effect on sector-r TFP of a shock to sector i. Technology shocks are scaled so the direct
aggregate technology component equals 1%; inverse-markup shocks are scaled so the direct aggregate
competitiveness component equals 1%. Heatmaps plot sign(x)|x|'/3 to preserve signs while compressing
magnitudes. Warmer colors are positive; blue cells are negative.

ative, meaning that a markup reduction need not benefit the shocked sector. Some
off-diagonal entries become positive, showing that cross-sectoral allocative-efficiency
gains. Quantitatively, the PE statistic is a poor approximation: the PE and GE matrices

have a correlation of —0.172 and an index of agreement of only 0.097.
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The main lesson is that partial-equilibrium sufficient statistics work well for pro-
ductivity shocks but not for markup shocks. For productivity shocks, the direct sec-
toral incidence matrix already captures most of the full general-equilibrium response.
For markup shocks, by contrast, equilibrium reallocation is central, so the partial-

equilibrium statistic misses the sign and magnitude of many sectoral effects.

5.2 Sufficient Statistic Targeting: Expenditure Reallocation

Following Rojas-Bernal (2026), this subsection uses expenditure sufficient statistics to
target budget-neutral lump-sum transfers. The basic rule ranks occupations by the
relevant statistic and transfers $10,000 per worker from the upper half to the lower
half of the distribution. The progressive rule uses the same ranking but matches low-
statistic recipients with higher-statistic donors, prioritizing lower-income recipients
and higher-income donors; unmatched workers receive zero. Transfers are weighted
by 2019 OEWS employment and scaled by 2019 GDP.

Figure 10 reports the sectoral TFP effects. Panel A targets aggregate TFP using the
aggregate expenditure statistic: the aggregate response is small, 0.0052% under the
basic rule and 0.0014% under the progressive rule, but the sectoral responses are much
larger. Under the basic rule, TFP rises most in food, beverage, and tobacco (0.90%),
farms (0.79%), miscellaneous manufacturing (0.43%), and motor vehicles and parts
(0.39%), while it falls most in truck transportation (-1.03%), and nursing and residential
care (-0.87%). Panel B targets computer and electronic products using the sector-specific
statistic from Corollary 1, ®; ! (Bnjr + &) — Mj;: the aggregate effects again remain
small, 0.0048% under the basic rule and 0.0033% under the progressive rule, but the
largest response is not in the targeted sector, since motor vehicles and parts rises by
2.66%, compared with 0.39% for computer and electronic products. Thus, expenditure

targeting generates small aggregate TFP effects through sizable sectoral reallocations.

6 Conclusion

These findings underscore a principle: real value added is an incidence object. A
tirm-level shock changes not only aggregate productivity but also the real value added
of other firms. I provide a first-order decomposition for that object. For any firm cluster,
real-value-added growth splits into a factor-supply component and a TFP component,

with TFP further decomposed into technology, competitiveness, and distributional
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Figure 10: Sectoral TFP Responses to Targeted Lump-Sum Transfers

A. Transfer targeting aggregate TFP
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Note: First-order sectoral log-TFP responses (percent) to budget-neutral $10,000-per-worker transfers in
2019. Transfers are assigned by occupation and weighted by 2019 OEWS employment. The basic scheme
assigns +1/—1 to workers below /above the median relevant statistic; the progressive scheme matches
high-statistic donors with lower-income, low-statistic recipients and assigns 0 to unmatched workers.
Panel A ranks households by aggregate M;,; Panel B by @, 1(‘Bh|r + Py),) — Mj, for r = computer
and electronics, which orders households by their pairwise PE effect on the target by Corollary 1.
Filled /hollow markers denote basic/progressive transfers; blue/red markers denote positive/negative
responses. Computed around the 2019 equilibrium.

reallocation. The sufficient statistics are not aggregate Domar weights. They are
cluster-specific incidence weights that measure how firms, factors, households, wedges

and expenditure patterns affect the real value added of a particular cluster. Hulten’s
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benchmark is recovered only when the cluster has no rents and fully local factor markets.
Away from that benchmark, markups, ownership, demand composition and network
reallocations become first-order determinants of cluster-level real value added.

The empirical results show that this distinction matters. In U.S. sectoral data from
1997-2021, aggregate TFP is shaped by a small set of positive and negative sectoral
contributors: computers and electronics, and oil and gas extraction, are major pos-
itive contributors, while farms, construction, and housing are major drags. Level
contributions and comovement are distinct objects: large Domar sectors and upstream
cost-central sectors tend to comove negatively with the rest of the economy, while
sectors with concentrated downstream customer bases tend to decouple from the aggre-
gate. The GFC further illustrates the value of the TFP measure. Several financial-cycle
sectors expanded revenue before the crisis, while measured TFP deteriorated, revealing
overexpansion that revenue alone would miss. During the crisis, some financial sectors
contracted revenue while TFP rose, consistent with downsizing or selection. Finally,
the counterfactual exercises show that the partial-equilibrium sufficient statistics are
reliable guides for productivity shocks, but not for markup shocks, whose incidence

depends critically on full general-equilibrium adjustment.
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Online Appendix

1 Proofs for the nonparametric model

1.1 Firms
Firmi € .4 chooses { /i }he.w, { Xij}je.y tominc; = piL; +piXi= Z whézh—I— Z piXij

subject to 1 = A; Qi(L;, X;), Li = AL QY ({AY lintner) Xi AXQX({AU xu}]e/i/)
mc; = p; p;, taking prices {wy, }c » and {p;}c 4 as given. The optimality conditions

for L; and X; are: p! = 3 A; %andpl — A, BQ;(L X)

, Where s is the Lagrange
multiplier. Multiplying both conditions by L; and X; and summing, we obtain y; p; =
pt L+ p¥ X; = 3 A; Qi(Li, X;) = »;. The first-order conditions are given by

0Qi(L;, Xi) .. 9Qi(Li X;
ph = g P, PR 0 ©)

v . 9Qi(Li, X5) d Qi(Li, X;)
pEmp AT T

an(Lzr X) Ag aQ ({Alb Ezb}beﬂ) i ayz

>0, (10)

= 11
= i Ai =5 30, it 5 =Y (1)
a QZ(LZI X ) x a Qf<{A1m xim}me/i/) . ayl
pj = Wi pi A 39X, A; 5 % if FE xi > 0. (12)

Lete(a,b) = (da/0b)(b/a). Then: w! = e(y;, L;) = %% w¥ = e(y;, Xi) = %%,

wLin i A
& = e(Li,Eih) Z; L (Ul] = E(Xz, xZ]) pfij, th = e(yl, fzh) and QZ = 6(}/1‘/ xi]').

1.2 Households’ Problem
Household & € J# chooses {{Cy;}ic_v, Ly} to maximize Uy, (Cy, L) subject to Cj, =
Q;,({Cpi}ic. ) and the budget constraint E, = pj Cj, = ieZ/V pi Cni < wp Ly + z'e,Z/V Kip 7T +
Ty, The household takes as given {wy,, Ty, {pi, %in, Ti}tic v }-

The first-order conditions for household h € .7 are given by

wy ULh
W _ Ly 13
Ve Ue, (13)
pi d Ch . d Ch
— = if — >0. 14
P,  9Cp dCp; (14
It follows that B;,; = e(Cy, Cpi) = z’cf” Substitutabilities are captured by e(Cy,, L) =

;’55’:, and cross-elasticities by e(Cy;, Cpp) + % =0.
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1.3 General Equilibrium Conditions

Proposition 2. The allocation and price system are an equilibrium iff markets clear,

tiscal budgets balance, and the following conditions are jointly satisfied:

9C, /9Cy, dYi .
= U; c Ch, . .. 1
9 Chj/ 9 Cyi ‘ulaXz‘j Vij€ N G >0, Gy >0, xij >0, (15)

_wp Uy, 0V
wy, Ug,, grym

Vie N, Vhbet: C, >0, Ly >0, U, <O. (16)
Necessity and sufficiency are proven in Rojas-Bernal (2026).

1.4 Equilibrium Centralities

Goods market. Substituting (10), (12), and (14) into market clearing for firmi € .4
Si= ), piCu+ ) pixi= ), BuEn+ ) QfS; (17)
hesr jen hes jeN
where (O} = y; w wjj. In matrix form (Iy — QY. diag(1))S = B'E or S = #'E, where
S=1[S,---,SN],E=[E1,- - ,Ey),and p = [p1,--- ,un|’. Then A = &’ x.

Define the cost-based consumer-to-firm matrix & = ‘B‘T’x = BY¥.(IN — Qx)‘?x =
B(In — Q) ¥y, where ¥, = (Iy — Oy) 1. By construction, A = ¥/, <IN — ﬁ;) B'x,
which motivates the definition of the cost-based Domar weights A = ¥/, (Iy — Q) A =
%' x. Notice S; = Y e i Ci + Yien ﬁﬁ §] = Y cr Byi En, where S; = A; GDP. In
equilibrium, Q]xl is the share of firm j’s cost spent on intermediate inputs supplied
by firm i. Hence S; is the total value (gross) value added that passes through firm i,
and, for a given expenditure distribution x, A; is the share of aggregate value added
that flows through i. Moreover, the identity w) A = 1 implies that w? A; is the share of
aggregate value added generated by primary factors employed at firm i. Finally, as
shown in Rojas-Bernal (2026): Y, =Y, B B and A = A.

Factor markets. Substituting (9) and (11) into the market clearing condition for factor
h e s vyields |, = wy, Ly = Yiey Wy lin = Liey Wi cuf a;, S;, where ﬁfh = cuf a;. In
matrix form | = Q) diag(u) S = Q) S, where | = [J1,-- -, Ju)'. Dividing by nominal
GDP yields A = ()} A. Similarly, the cost-based factor weights are given by A= ﬁz A,
where 17, A = 1}, &/ diag(w;) A = W) A = 1. Consequently A 3= A. The firm-to-factor
and factor-to-firm centrality matrices are respectively givenby ¥, = ¥, Q)yand ¥, =
¥, ﬁg, where ‘T’g 1y = ¥, ﬁg 1y = ¥, wy = ¥, <IN — (~)X> Iy = 1y. Additionally

¥, =¥, Similarly, the consumer-to-factor and factor-to-consumer centrality matrices
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are respectively given by ¢ = #Q, and ¢ = #Qy, where €1y = By =
BY.wy = B¥y (IN—ﬁx> Iy =1y,¢ x = 62{9?’)( = ()'EX =A,¢ x = O, #'x =
O, A = A, and € = €. Proof for the inequalities can be found in Rojas-Bernal (2026).

Household budget. Using mc; = y; p;, firm costs are given ¢; = y; S;, and profits
are 1; = (1 — p;)S;. Applying (11), E;, = Y ic 4 (pi cuf ap K (L —wi))piyi + T, =
Yicy (i Q) + %, (1 — 1;))S; + Ty. In matrix form, E = (Qy + Q)’'S + T, where T =
[Ty, -+, Ty) and QO = diag(1n — ) x. Dividing by nominal GDP x = (Qy + Qx)'A +
7, where T = [1y,--- ,ty])’ and 1, = T;,/GDP. It follows that 1},(Qy + Qr)'A =
Uy A+ 1y diag(In — u) A = Lher An+ Lien (1 —pi)di =1

Nominal GDP. Start by aggregating revenue for .4;. Let the associated set of house-

— Intra,

nira

holdsbe /. Then Y Si=Y p; Y Cui+ Y, () piCui+ Y pixj) + ), Y. pi¥ji
i€ ek het i N hEAt e i N jet

— Eziom — E‘;pr
Edom™ denotes resident-household expenditure on goods produced by .4;. Exp, denotes
exports: final demand by non-residents and intermediate demand by firms outside
Ny. Intra, denotes within-cluster intermediate sales. The role of 7 is purely nota-

tional: it segments revenue into internal sales and exports. Nominal imports for .4;

are Imp, = ) _ P Y. Chj + Y. P Y. x;j. Here E{w denotes resident-household ex-

jgN  hest jgN e
:E{or :Impint

penditure on goods produced outside .#; (final-good imports), and Imp!™ denotes
intermediate-input purchases by firms in .4; from suppliers outside r.

GDP, = Efo" + E[” + Exp, — Imp, = ¥ (Si— ¥ pixi)— L pj L xij= ¥ (Si—
icM jEMN jEN ieM i€y

L i xjj). Using (10), and (12) GDPr = Yie 4, (1 = Ljey Q) Si = Lie (1 = pi wf)Si.
j€
This coincides with the total value-added generated firms in .4;:

GDP, = Y ((wf +wf)Si— Y OFS))

icH; jeN
w fz’ <
=) () wnli— Vi%wsi + (1= ), QFS) (18)
ieMN; hest Hi oi jeN
=Y () wplin+ (1—u)S;).
ieN hex

In matrix form, GDPs are GDP = F/,, (S — diag(S) Qx 1y), where F - isa N x R
selection matrix with [F 4] = 1if i € .4; and 0 otherwise. Aggregate GDP is GDP =

Yicn (1 = Ljewr QZ) Si = Yien (1 - piwf) i
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1.5 Proof for Proposition 1

Yheow Wi lin x Lijew PjXij _ (P Li+pr X))

Prices are given by p: = : , DY = s ,p; = ot A
& Y Pi A? Qé({Ath,'h}he%o) Pi A7 Qf ({Aijxij}je/t/) Pi i Ai Qi(Li, Xi)”
¢ — Yiew PiCui S _ Afop Al n OPf p 20 Ly 0P
and pj, = Q ({Crities)” Thenp; = p(’ aA/ Ai +Yhew (pe Jwy, Wh + pf aAl Ay + oL aglhfzh)
where the log deviation of any variable x around its steady-state valueis X = log(x/ X).
o Ao w, 9P} Al 9p! Uy 0P}
Using Jraar = —L Jtaw, = %im 54 = ~%n and ?ag’ = aj, — e(Li, lip) = 0,
we have that ﬁf —Af + Yhen ain(Wy, — Z.h), py = —A + ZJEJV wl](p] 1])

pi = wipt + wy pr — A; — fi;, and P, = YLic.y Bri Pi- In matrix form, these relation-

ships are written as py = a@ — Ay — (€ 0 A1y, fx = ¥ P — Ex — (# 0o A1y,

p = diag(w)p + diag(wy)px — A — fi, and P = BP. Then p = ¥o(Qy @ — A - 7))

and . = #(Q @ — A — ji). The matrices previously used are: A = A + diag(w;)A, +

(Q 0 A1y + diag(wy) Ay + (ﬁ oA )]1N, A = [Ay,--- Ay, A = [AL,--- AL,
x

~ ~ ~ -~ ~ ~X ~
A= (A%, A, Ay = (A, AN A = [Al, ALD A, = (A A

A; [Afy"'r iN]/' p = [p1--.Pn), ﬁé = [plf”"ﬁf\l]// Px = [ﬁf,"',ﬁ’fv]/,

A =
=, 0Nl and @ = [wy, - -+, Wyl

1.6 Proof for Theorem 1

From (1), the first-order approximation to cluster-r value added is
GDP,GDPr = 3 Si(Si— ), picwf wij(fii + @f + @i+ 5;)).
€N, jeN
From (12) and the identity fy = # § — Ay — (# 0 A,)1n,

®, GDP, = )| Ai(S; -y Q5 (pj + %)) (19)
icH; jen
From here, the Divisia (first-order) GDP deflator for cluster r
. Ai .
Py, = ), 3. (Pi— Y. Qb)) (20)
ietm 7 jEN

Hence, first-order real value-added growth for cluster r is

= Z )\i( Z Q xl] (21)

i€ jeN
Using the first-order approximation to goods-market clearing, (21) can be written as

QY=Y (Y BrixnCuit ), (€0 A Xji — U A %) ).
iEN, he# jenN
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Using p = Tx(ﬂg w—A— i) and first-order approximations for (12), (14), and (17)
Y=Y xn Y BuiBri+ Y xn( Y Bui)En

hes# i€ hest i€
+ ) mjwi A Z wji @ji = Y, piwi Ai ), wij @y
jeN ieN; et jeN
+ZZQ]Z] ZZQ i(@f + i)
e jeN ieN jeEN
YT ORS - AL oS
icHjeN et  jeN
Y mwi A Y Y wiBi— Y, (Y Buixnt+ Y QA B
iet qEX jeN i€N hest jenN

J/

-~

i

Y, =Y xn Y Bubu+ Y (Y Buj) (An(@y + Ly) + 1 Tp)

hesr  ie; hes je;
+ Y (X By) Y ki AU — ) (R + S;) — i i) + Y wwiAp Y wi @ji
hest jeN; etV jeEN icHy
— Y Hiwi A Y wip @i Y i () wi) (@7 + )
icHy jeN jeEN icHy
— Y owmof (Y wp) @+ i)+ Y, Y A S - Y LY 0F)S
ieNr jeN zeﬁ/]e/ ety jeN
jeN ie; meN
— Y (Y M@ — Y O ) (@ + Ly)
hes# ieN; meN
+ Z (Z /\i([ﬁfh Z Q l/’mh
hest ic AN meN

Before continuing, define the following objects

L4 GiVen {\I}x = Z ()Z - IN + ()x{]?x, we have {]\:}x - Qx{i}x = IN + (ﬁx - Qx){i}x. In
q=0
the absence of distortions (Qy = Qy), 1751’; Z OF P = ;=1 {i = j}, so exposure

is purely direct. Consequently, a shock to f1rm i affects Y; only of i € .47, implying

no cross-cluster spillovers.

With distortions, {I;;; — g’wﬂfmlﬁ% =1{i=j}+ ez/(ﬁ;cm _ Q;cm){l;;c”, 5o firm i’s
m m

exposure to shock in j has a direct component 1 {i = j}, and an indirect compo-

nent that aggregates higher-order supply chain effects. The latter is weighted by

the cost-revenue wedge (N)fm — ) along each supplier m. Accordingly, define

the rent-adjusted downstream exposure {bvl’; g = L (QF —OQF yor j» which
’ meN
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summarizes the extend to which changes in j’s input prices transmit (directly
or indirectly) into firm i’s costs once rents are accounted for. With distortions,
a shock to firm j has a first-order effect on Y, proportional to 1 {i = j} + ipvl’; A
Hence, favorable shocks can raise real value added in cluster r either because
j € A; or because firms in .4, are downstream-exposed to j; the latter channel
reflects rents appropriated by downstream firms in cluster r.

For this reason, A]r =1{je M} % + §V (%ir 1;51’; A q 1S the rent-adjusted share of
cluster r’s value added that passes thrlcfugr;h tirm j. Value added flows through j
via two channels: (i) directly, when j € .4} sells its own output; and (ii) indirectly,
when firms i € .4; use inputs sourced from j (directly or indirectly) to produce
goods sold at a markup, generating rents proportional 1 — y;. Both channels are
Domar-weighted and normalized by ®,. Without intermediate inputs, }_;c 4 Al =
1. With intermediate inputs and no distortions r (i; = 1 foralli € A7), Yic 4 Al =

Aj y
Yiet g = 1. In general, Y ;c 4, Al > 1.

For the aggregate economy, )\]G = Aj + Yies Ai Lme 2 (OF — Qfm)lﬁ;‘ﬁ In vector
form, A¢ = (Iy + ¥,.(Qr — Q))A = ¥,(Iy — Q,)A. Moreover, using A =
Y. g x =", (IN - (~)§C> Y Bx=1Y, <IN - ();) A, it follows that AG = A.

Similarly, since ‘T’g = ‘?xﬁg and ¥, = In + O, Y., we have ‘Af’g — Qx{?g = (N)g +
(ﬁx - Qx)q’g. When Q, = Q, (no distortions), ’;th — Yiew Qf;tffh = (N)fh, SO
firm i’s exposure to factor h’s cost is purely direct. With distortions (Q2y #
0O,), ﬁfh + Yje /(ﬁz — Q;)l])vfh, which combines the direct exposure ﬁfh with
higher-round network effects. Accordingly, define the rent-adjusted downstream
exposure of firm i to factor & as ﬂffh rq = Lie. /,/((N)f; — QZ)lﬁfh, which aggregates
the paths through which factor /’s cost loads into firm i’s unit cost, weighted by
the cost-revenue wedge ﬁf; — QZ along each link.

For this reason, A} = Y ;c 4 % (ﬁfh + {pvfh Aq) is the share of cluster-r value added

that can be traced back to factor h. The collection {A] },c » forms a probability
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distribution because

A= g L0+ L2 @0 ¥,

hesr i€t Vhejf zeA/ "jen hest

S——~— ——~—

:wf =1
_ ¢ A A oA
= wingZa(ZQ Y Q) 21—2%)3—1,

et rodem T jew jeN e jeN r
h\/d
= w¥

where the last equality follows from (1). Without distortions in r, /“\Z = (%r Yicx th Ai;
the same reduction applies when factors are cluster-specific. For the aggre-

gate economy, AC = Y, . A; (O 0T Z]@V( )lp]h) and in vector form
AS =¥/ (Iy — QL)A = A.

® Bujr = Yic.s; Bni is household I’s direct expenditure intensity on cluster r.

. Q;C'r =Yicx Q;‘l is firm j’s direct intermediate-input intensity on cluster r.
Therefore,
Yo=Y xu Y BuiBrit X Bupr(An Tu+ T Th)
he# iEN hest
+ ) Bup Y KinAi <(1 — i) <k\ih ‘|‘§i) — Wi ﬁi) -, Y AL,
hest ieN he#
+ 2 Ql\r @x—i_ 2 2 Qz|q @ ﬁl)
icH qER i€N;
FY M oe- YA Y 0@+ YA (A4 )
igM  jEN et jEN jen
+ Y Y OENS - Y Y Ol S+ Y AL
it jeN qER ic Ny hesr

Consequently, there exists a CRS aggregator F, ({Lj, } e ) such that Y, = TFP, F,({Ly, } ner),

where F,({Ly, }hc»), and, locally,

dlog Fr({Lyp}perr) _ Ar
d log Ly, -
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Add and subtract GDP to express the previous equation as

Y, =Y xn Y BuiBrit Y B (Aw Ayt T) — @ Y ALA,

hest  iceH hes hes
hest icN eV
=Y YO M@ A YA Y Q@ Y A Y O @
qEZX ic Ny i¢N  jEM icHr  jEM
+ @, Z /\;(“Zl\j+]4] Z ;Bh|r Ap + Z th ,ul A +Th)
jeN he# e,
+ ) Q5 A=) ) Of A @) GDP+ @, Y A, L,
icN qER i€ Ny hes#
From (1), (17), and dXh = dAh + Z Kin )\i ((1 — “Lll) d 10g Kin /\i — d“l/ll) + d’l’h
ieN
Y, = Y xn Y Bui Bri+ Y. (B xn Xn— @r A Ap) + @0 Y A(A; + 1))
hest  ieH; hes jeEN
+Zﬂjjrm(@;‘+ul+2\ Y. Y Qi M@ Y+ A)
ieN qER ic Ny
+ YN Y OF Q- Y A Y Of @+ Y AL,
i¢N  jEN et jEN hest
Z Pujr Xn + Z Q]\r Z Z Qz|q)\ - ) GDP.
hest qER ic Ny
=0

The distribution of revenue sources for cluster r is the H + N + dim (.4;) vector

Ry =@ {{ﬁhlr)ch}hejf {Qﬁf Ai}ie/ {A Loeat QW}IGW}

The elements of this vector sum to one, and a first-order change in ®, is

d®, = ) Burdxnt ) xn ), dPut Z piwi Ay dwii— Y piwi A Y dwg

he# het ek e e jgM
+ ) O, (& +EHA) - Y Y Ql|q M@+ i+ A) =Y Burdxu
eV qER ieN; hest
Y K dBu Y AdQE = Y A Y dOE+ Y O dA - Z('Z QF)d A
he# i¢ Ny et jEN i¢ N icH jéN

Using results from Theorem 1 in Rojas-Bernal (2026), the first-order variations

in A and A are given by dAy, = Y. Gpdxy + 1 wfh)\,-d log u; + Y, yi/\idﬁfh +
best ieN ieN

L5 T xedBy+ L wihidQ), anddA; = ¥ Bydx + L 5 Ajd log p; +
jeN best icHN hes jeEN
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D ‘P]xz( Y xndBn+ X Hm/\mdﬁ;j).Then
JEN he# meN

dq)r = Z IBh|1’+ Z ghl z|r Z ‘@hi Z QZ’)CIXPI"_ Z th:Bh\r

hest i¢ N icAy JjEN; hest

+ZA1(Z¢;§ ;‘C\r Zl/]l] Z dlog‘u]—l-Z)\dQ”r
eV  jEN jEN; me.N; i¢N;

+ 3 a2 (X W, = Y Y Oh)dBri— ) Y, A dOyj
hest  ic AN jEN jEN: mé. Ny i¢ N jeEN

+ Z pi i Z Z IP]m m|r Z 170]xm Z anf)dﬁi;
ie N jEN mE N meNy feN

This implies that
Yo=Y NA+)+® - Y Ay A+ Y Aj L (22)
jeN hes# hes#

Additionally, using d Ay, 6, = 2—:’:, Mj, = Y per Cup 0, and F) = Y e lpfh 5

YA A=Y odn, =Y Mpdx+ Y xn Y 8, d%n

hes# hes#t hes# hest best
= ZMZdXh"i_Z)‘iFirdlog,ui_’_Z,ui/\i Zéfzdﬁfh
hes# eV ieNV hes?
+ Z Xh Z Fl-r d Bpi + Z Ui A Z F]?’ dﬁ;
hest  iew icN jeN
Then
T/F\Pr— ( i)+&>r—ZM2dXh—ZXhZ5Zd‘5hb
16/1/ he# hest best
= Y N (A+m)+® - ¥ Mydx— Y A dlog (23)
ieN hes# ieN
— Zyi)\i Zéﬁdﬁfh— Z)Cthird,ghi_ Z‘l/li)LiZF]'rdﬁ;;.
eV hest hesr  ieN ie N jeN

1.6.1 Proof for Corollary 1

w — A Aj 801’.‘“

(a) Taking x, B, (), and Qy as given: — log i = AL+ o Yir T %(Zigm Aim —

20 e _ ~
Yig.t i Migtog ;) — M E = AT+ & (Wi + 1i(Lpig.ny Bje O — Ly Bjgs Q) —

A F!. (b) Taking A, B, Qy, and Q) as given: 9log TFPy _ 9log TFP: & (Bupy — Bojr +

A, A,
By — Byy) + 0}, — . (c) Taking B, 0y, and Q, as given: J logxippr _ 9 longbFP’ =
. ~ : 9 log TFP,
C%r(ﬁhlf — Bojr + Byjy — PBy)r) + M}, — M. (d) Taking x, B, and Q) as given: (;g—[ —
M%ZPB = u; Ai(8} — &7). (e) Taking x, Qy, and Q) as given: al%gﬁ;rippr _ 9 loagﬁZ]FP, =

dlog &,  Jdlog &, 0By By,
o~ opy - Xn(E = F) = BWur = ¥+ 35, — 75,)

Pur _ Py

9~ 9y = Mienignt ~ Ljenigny = Lieay (1= L) ~Lgjeny (1= Liieny) =

— xn(F — F].r), where
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. ~ . . dlog TFP,  dlog TFP, __ 0 log D
Liic 4y — Ljesyy- (B) Taking x, B, and () as given: 201 o T

m

° 3"%?’ — wi (B = FY) = 55 (Pt — ¥ + Uiz (Mmens jeny) — Lijetome iy) —
Lie sy (Ljesrmeny) = Limens jgny)) + wi Ai(E — ), where Lig o (L me iy g 4y) —
Lie s meny) — Yiesy Lijesrmeny) — Yimenjeriy) = Lime sy — Lijeny-

1.6.2 Proof for Corollary 2

Introduce in (22) d @, = Yc o d A+ Yic s, (1 — pi)d A; — A; d p;) and the first-order

variations for A and A from Theorem 1 in Rojas—Bernal (2026) to obtain

dlogY, =Y Aldlog A+ Y (1—w) (dlog wA)+ Y 05 Y lpm]dlogy]>

16/1/ i€ meN ]6/1/
~y (- ( Y OfdlogAy+ Y Y OL ¢, dlog Ay ) + Y AfdloglLy,
icH; hest; hetje NV hes#

1.7 Example 1

A 1-w, A 0 we pe(1—ce) 0 pew,
Q= (1767 ), 0 = (& ¥ ) 0 = (0 ) and O = (e, 5" ).
Then
(I“, _ &ge it;gf _ 1—a1}ewf 1—?;wa
* X T wy 1 ’
wfe ll]ff 1—wewf 1—wewf
1 eWe
S ll]ge l/)gf _ I—peweppwy 1—]4ilw(jyfwf
X x X ikl 1 ’
ll)fe ll]ff 1—pewepsws  1—pewepswy
~ 1 lpg Ve(l_we(l_]"f(l_wf)))
& el & _ . el o 1—pewept fwy
te= (~£) =l = (1) » Y= ( e) = Faldy = (Vf(lwf(lﬂe(lwe)))) ’
lpf le T—peweptpwy
B+(1=P)uswy
X 1-B+Ppewe |/
As 1-p T iz
Bre(1 — we(1 —pp(1 —wy))) + (1= B)up(l — wp(l — pe(1 — we)))

1 — pewep pwy
1= (1 — “l/lewfg))\e —+ (1 — yfwf)Af,

A=

7

@, = (1 - ,”ewe))\e/ ch = (1 - yfwf)Af, A® = Af =1,

i Ae Aoy Ae ey 1 — pewewy
Ae - q)e + ®d, Ebee AQ — ®d, (1 + (1 - “l/lg)wgl[er) o (1 — ‘uewe)(l - wewf)’

Ao = Ae

ye __ _ X (1 — ]’le)we
Af = 3€1Pef,m = 36(1 - Ve)welef T -

pewe) (1 — wewy)”
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1 —prwrw,

M M Ay A
+ L = L1+ 1 —pp)wep’,) = ,
=, e Ve = g U I mwrt) = T )
A A ~ (1—pp)w
AZ— g / 1- Withee = It ’
leeAQ q’f( P‘f) P (1_yfwf)(1—wewf)

Dy

A = (1 — we)ye/\e =+ (1 — wf)yf/\f
— Bl — ws + pews(1 — we))

_ Bl — we + ppwe(1— wy)) + (1
1 — HeWel fWs ’

E :Fe_lsf ’Pe P‘e(l—we(l—ﬂf(l—wf)))

e A A(1 _yewe]/lfwf) ’

_pe_pf_ ¢f (1= wp(l=pre(1— we)))
Ff = Ff f
A(1 = pewepijwy)
— X OX XX pewe(1 — .”fwf)
lpe\e - Ebefﬂfe lpee ef — 1_ ,uewe,ufwf ’

l/‘fa’f(1 — HeWe)

. — X Qxe _ xeﬂaec — ,
Prie = Vet 3e = Vi er = 9 gy
X OX X (YX yewe(l _Vfwf)

Vel = ¢eeQef IPefoe 1 HeWe Wy ’

P‘fwf( — Mee)
Vit = Wpeer = Ve = - — Hewetfwy '

1.8 Example 2
£0)e= (1)

%(%m?ﬁ(iﬂ’ %_(%m%ﬁ(
2 x 2 1 Yam Y

7 (¢ @al) _ ( ) v <¢mh lpml) _ (
Yo W i Yo W T

(

(

NR
o (@)
SN——————

<

N
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In equilibrium x; =1 — xy,

(i) An=pi+1—B)5+Bi—B) (1-5) 10
(i) Aa=1—=PBr— (Bn—Bi)xns
(i) AhZ(%ﬂLﬁz(l—g))E (ﬁh—ﬁz)( )th
2
(o) A= (1+0-p)5) L= (BB 10
©) 1= Ant 3 (1= ) (A
Solving the system gives
= —A=por Pt Q—Pur . 2-Pu— B
4—(Bu— P’ 2—-Bn—Bs — (B —=B1)5
:E(ﬁh+5l+(1—ﬁh)ﬂ> AZZE(2+(1—5IJV>
2 ~Bu—=B5 )’ 2\2-(Bu—B1)%y )’
S @a:(1—§>Au, h=g-=1 =0,
P R SV C T VS DU P O VR
T, 2—u M 2—w M2, 20 0T 20, 2
. 1—“14)\51 . 1—]1 “a 1)\51 1 _ 3_Pl
M= g, “aay M7 2<1>a<1+(1_”)§ Ti-op
5m:A_T: —(ﬁh—ﬁl)z m_ A" 2= (B B)5
PN wBu B =) T A p+ (1)’
so_ N (=) (2= (Bu—B1)5) o _ A _B—p) (2 (Bn—B)3)
YA pQ— (Bt Bt (- Bu)n) A 2=+ (1= B’

1

1

Ey = (1— (/3;1—!31)%) ((

But Bt (=)

2+ (1 —=Bnn)

).

w 10 N U (2+p)
F! —§<1 (Bn ﬁl)4> <5h+ﬁl+(1—ﬁh) 2+(1_,3h)7/‘)’
) 1—(511—[31% Gk
F, = <ﬁh+161+ 1—,Bh 2—1,—(1—,3;1)]«1),
- 1(1—( /3h—,31% (2+H)(3—H)>
i =5 ,Bh+;31+ 1_,Bh 2+ —=Bpu )’
0 1 - N 2—pu B [
Pa_Fa_l(l—(ﬁh—ﬁz)%)( (- @—p (3w )
o 1 5 (2_V) ﬁh"i',Bl—i_(l_:Bh) 2-|—(1—‘5h)}’l
) (But (1= p)5) , (Bt (1—py) (1+5))
Mh:<1—(ﬁh_ﬁl)%> (ﬁh‘ﬁﬁl'}_(l_hﬁh)‘u—{_ h 2+(1 hﬁh) )/
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m_ i (B -p)s) B+ (-p)(1+5))
Mp = (1= (B py) (ﬁh+ﬁz+(1—l32h)ﬂ+ 2+ (- )

(D B0 pt) 5= (B () (1)
(2 =) (Bu+ B+ (1= Bu)p) 2= 2+ 1 —=Bup) '

- (1—p) (Bi+(1-p1)b) B—u) (B+1—-p)(1+5))
M1—<1—(5h—51)Z><( : 2] 4 ! : ))2 )

M; = (1= (B — B)

A~ =

2—p)(Bn+ B+ (1—Bu)p) 2—wu)(2+ (1 —Bu)p
m m __ 1 o o o 2— H _ H
M = = g 6= = B =800 (5, (g~ 21 )
, 1—p B —mp
=1 = g 6= 8008~ B~ 00 (5l =~ = )
ﬂhhﬂ = '@huﬂgm - %hmﬂx = (1 - ,Bh)il %l\m = %lu()gm - *%lmﬂxma = (1 - ﬁl)g/
%h\u = %thﬁm - '%haﬂjacm = _(1 - :Bh)%l cggl\{z = gglszm - '%lﬂQ)acm = _(1 - ;Bl)%/
l/)m\m = lpfanJqu - llJfmeim =0, ll]a|m = lplgzcaQJqu - ¢§m0£m = gl
wmla - %mﬂ% - lIJfmeifm =0, ¢a|a - lemeia - ¢§a0§m - _%'

Then

dlog Yy, = dlog Ay + (1 — AwEy) dlog pum + Ag <q§l —P;”) dlog g + 1 (dloth +dlogL)

(- 8) 22— - (- (1) - (- ) (e + ),

_ 2 1_]’[ 2 - H a
cllogl/a_i2 leogAu+2_leogAm+<2_y /\a<+Fu)>dlogya
1_V a a 7 :B
+ <2—V_/\ F )dlogym—i—((M, Mj) — (1 2) > Xn

(E=r =g (1-5)) g+ xupr) + =

—H
- ydlong

2 Relationship with Baqaee & Farhi (2020, 2024)

2.1 The Environment

Baqaee & Farhi (2024) develop an open-economy production-network model with heteroge-
neous households and firm-level distortions, modeled as wedges between prices and marginal
costs. Baqaee & Farhi (2020) is the corresponding closed-economy rspecial case with a rep-
resentative household. The environment is characterized by: (i) a set of countries %, a set

of producers ./, and a set of factors .#; (ii) the producers located in r are .4; C .4/; (iii) the
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factors located in in r are .%, C .%; (iv) country r has a representative household that supplies
factors and “fictitious factors” , which represent rebated markup (wedge) revenue; ownership
is summarized by an R X F matrix ®, where @, where @, is the share of factor f’s income

accruing to household 7; and (v) primary factor supplies are exogenous.

2.2 Notational equivalences

From equation (20)

. Ai [ . Ai Aj . A .
pYr:Zé<pi_ZQ§;’pj): s P~ L & - g L QNP
ey T jen ies =T iesy =T jess ietdy ST jEN
Ai AN AiN -
— Mo 0x 0\ 5. — ox 2
162/%( r ]EZ/Vy ]lCDr)Pl i (]E/Vr ]lCDr !
_ 5i PiXji S N\ piXji Sj .
—ZQ(GDP, ]Q 5; GDP,)pl lM( ;V 5; GDPr)p’
=y P (]/i— Y. in)ﬁi - Pi ( ) =) Oyipi
~ GDP, . e~ GDP, \ .
icH; r jEN; i¢N; r e icHN
This is the country-level Divisia GDP deflator in Baqaee & Farhi (2024).
Now, from equation (21)
- ¥ (- T og) = ¥ (40~ ¥ 0igh) - T ¥ Ol
ict; @r jen icH q) jeEN @: igN jeN, @r
PiXji piXji
= @) — Qy,i Xii
zeZA/ e <p1£/rz ]g;/, Pidri ]Z> Z-;JVY Y ]GEM Piqri I
= Z/,/ Qy,ifri — '5 Qy,ifri = X/:V Qy,ifri-
€N ¢ N i€.

This coincides with the country-level Divisia real GDP in Baqaee & Farhi (2024).

2.3 First order approximation for country-level GDP

From equation (18), the first-order approximation to GDP is

GDP, = Py, + Y, = 2 E Q wh + ﬁlh E 7((1 — yi)Si — ylyl)
et (I),, he @,
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Now, introducing p = ¥,(Qy @ — A — fi) in equation (20)

Py, = ), Qvipi= Y, Qvipi+ Y, Qvipi

eV et i N
=) QY,i( You Y O+ Y e Y Oipi— Y lff}(ﬁﬂrﬁj)) + ) Ovipi
et jet | hexw jet O ig et i
= Z /Ky,h@h - Z /N\Yrj(jj + 1) + Z Alepz Z Oy, pi-
her et i€t i N
Then
~ A PPN A -
Yo=13 & L Q@+l + 5’((1—#1)5 — Wifli) — P,
iet T hesw et 5T
A I A PO
=Y = Y 4@+ ln) + Y, = (1= pa)Si — i)
icHy, T he# icH, ST
= 2 Ava@n+ Y Ay (Ai+ 1) = Y Avapi = ) Ovipi
herwt jen it i N
A T , N R
=Y =Y 0@+ ) + Y = (1= pi)Si — i)
ey, T hes# e, 5T
— Z /N\yrhfl)h + Z Xyr]‘(./zt\]‘ + ﬁ]) — 2 (Qyﬂ‘ +/~\yﬂ') (ﬁy, qn + GDP )
hest jeN ig N
= ) Gghp T+ Y Avi((Q = p)Si — wifii) — Y Ayuln+ Y AvuLy
ieN, he i€ he# he#
+ Y A A+ i) = Y Qi+ Av) (Qvi — G + GDP,)
jek igh
= Y AvaAva+ Y Avi((U— i) Ay — i) = Y Avau+ Y AvuLy
het i€y hes# hes#
+ Y Avi(A + )+ Y (Qyi+ Avi) (G — O)
et i N
(Y, A+ ) (1—n Ay,—Z(Qy,—l—Z/\y] ))GDP
hex# €N ¢ N jeM

Let me assume, as in their paper, that factor markets are segmented by country. This comes
from their definition GDP, = Y;c s (Xper Wi bin + (1 — ;) Si). Hence Ay, = 1 {h € s} GI”
and Ay, = 1{h € 4} Lic 4, Qv,i Ljes; ¥ O Then, it follows that Yje s Ay + Lie (1 -
uiAy,i = 1and Yye AvnAvn + ie s Mvi((1— wi)Ay,i — pifii) = 0. Therefore

Yo=Y Avi(Ai+7) = Y AvaBva+ Y Ayl + Y (Qvi + Av.i) (3 — Qi)

jeN he he i
+1- Y O~ ¥ Ay~ ¥ Y Ay,03)GDP,.
igN he i N jEN,
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Notice that

1- Z QY,Z’ - Z Z /N\yrj();(i — Z /~\th

igH ig jets net;
=1- ) Qvi— Y Qv Y ¥ ( Y O+ ) OF)
igH i % jek = hes igH
=1- ) Qvi— Y Qv ) ¥ (1) OF)
igN; ety jEN i€
=1-) Qvi— ) Oy
et igH
1
=1-=5p (Y (Si= ) pixii) = ) ) pixji)
T e jEN; igN jeN
1
—-1— S, — X)) =0,
GDP, 1.5( i ngprlJ)

where the third equality (Iy, — Q)1 = Iy, + (Iy, — QP) 10
Finally, define the share of imports from foreign firm i relative to domestic GDP as Ay,; =

pids _
&DP forie NV — A

Yo=Y Avi(Ai+7) = Y AvaAva+ Y AvaLn+ Y (Ay,i — Av.i) (Gri — Av,i).
jEN he he i¢gN

60



	Introduction
	General Framework
	The Environment
	Value Added, Income, and External Resource Gaps
	Cluster-Level Centralities

	Value-Added Incidence in Production Networks
	Prices
	Value-Added Incidence Decomposition
	Relationship with baqaee2024networks
	Example 1: Two-Sector Circular Network with a Common Factor
	Example 2: Two sectors, Two households and a Common Factor

	Sectoral TFP Incidence in the U.S. Production Network
	Data
	Sectoral Contributions to Aggregate TFP Levels
	Sectoral TFP Comovement and Network Position
	The GFC and the Sectoral Anatomy of Recovery

	General Equilibrium Propagation
	Sectoral Shock Incidence: PE versus GE
	Sufficient Statistic Targeting: Expenditure Reallocation

	Conclusion
	Online Appendix
	Proofs for the nonparametric model
	Firms
	Households' Problem
	General Equilibrium Conditions
	Equilibrium Centralities
	Proof for Proposition 1
	Proof for Theorem 1
	Proof for Corollary 1
	Proof for Corollary 2

	Example 1
	Example 2

	Relationship with baqaee2020productivity, baqaee2024networks
	The Environment
	Notational equivalences
	First order approximation for country-level GDP


