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Nonlinearities in Production Network Economies with

Distortions

1 Introduction

The neoclassic theory classifies economic agents as either producers or consumers. On the

production side, firms use factors to produce goods and services. Other firms further use

some of this output as intermediate inputs. The production possibility frontier is an analytical

device that characterizes the range of attainable consumption bundles influenced by varying

allocations of resources and inputs among firms. The limits for this frontier depend on the firms’

technologies and productivities, and the abundance of primary factors. On the consumption

side, a welfare function aggregates households’ preferences on what to consume and how much

of the available factors to supply. Aggregate output depends on an equilibrium allocation

and a system of prices that solves both firms’ and households’ problems while adhering to

the feasibility constraints. Using the aggregate production function, we can break down the

equilibrium output into two main parts: the aggregate factoral component and the aggregate

efficiency, often referred to as TFP (Total Factor Productivity). In the absence of distortions,

the equilibrium allocation is at a point of the production possibility frontier that generates an

efficient level of aggregate output.

For efficient input-output economies featuring a representative household, Hulten (1978) estab-

lished that the first-order variation of aggregate TFP depends only on a weighted sum of firms’

productivity shocks, with weights given by the sales shares or Domar weights. Consequently,

up to the first order, the sales distribution is a sufficient statistic, the microeconomic structure

of the network is irrelevant, and the reallocation of resources in response to a shock is neutral.

Baqaee & Farhi (2019) expand the aggregate TFP decomposition to a second-order. Their find-

ings underscore the importance of the microeconomic intricacies of the network in grasping the

nonlinear impact of individual firm productivity on aggregate efficiency. Thus, accounting for

nonlinearities, elements like network linkages, micro-level elasticities of substitution, returns to

scale, and resource reallocation are pivotal in comprehending the macroeconomic consequences

of microeconomic disturbances.

When an economy faces distortions, the equilibrium vector of prices and its corresponding al-

location yield a suboptimal level of aggregate output. Furthermore, the nature of distortions

matters. Distortions that waste resources or production will bring the equilibrium within the

boundaries of the efficient production possibility frontier. Distortions that rebate resources,

e.g., profits or taxes, will move the equilibrium along the edges of the efficient production

possibility frontier. With distortions, understanding how microeconomic shocks influence TFP
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becomes a more complex task that requires tracking how the reallocation of resources moves

the equilibrium within and along the boundaries of the production possibility frontier. For

inefficient input-output economies with a representative household, Liu (2019) and Baqaee &

Farhi (2020) characterize the aggregate TFP first-order variation. Now, to understand aggre-

gate effects up to the first order, the network structure becomes relevant, and the reallocation

of resources in response to microeconomic fluctuations is no longer neutral.

This paper provides the first nonlinear decomposition for aggregate TFP in a distorted input-

output economy with a representative household. These decompositions allow us to identify

non-parametric sufficient statistics that account for second-order effects from microeconomic

fluctuations through network linkages. Our decompositions are non-parametric and apply to

any general equilibrium economy. Additonally, we account for firm level shocks in productivites,

wasted distortions, and rebated distortions. Using a simple economy as an example, we show

that for large idiosyncratic shocks in productivities and distortions, the linear approximation

is biased, and the nonlinear second-order effects we account for significantly reduce this bias.

Related Literature

This paper contributes to the literature on shock propagation in production networks. These

models builds on the canonical multisector models from Hulten (1978) and Long & Plosser

(1983). These models have been used to study the linear propagation of sectoral productivity

shocks (Foerster et al., 2011; Horvath, 1998, 2000; Dupor, 1999; Acemoglu et al., 2012, 2016;

Carvalho et al., 2021) and distortions (Basu, 1995; Ciccone, 2002; Yi, 2003; Jones, 2011, 2013;

Asker et al., 2014; Baqaee, 2018; Liu, 2019; Baqaee & Farhi, 2020; Bigio & La’O, 2020; Rojas-

Bernal, 2023). Baqaee & Farhi (2019) were the first ones to consider to nonlinear effects from

microeconomic productivity shocks in efficient input-output economies. To the best of our

knowledge, this is the first study that accounts for nonlinearities in general equilibrium input-

output environments with distortions. Our results nest all of the previous models and results

as specific cases.

Layout

The structure of the paper is as follows. Section 2 introduces the multisector input-output

model. Section 3 characterizes the equilibrium and the network centrality measures. Section 4

introduces the first and second order TFP decomposition for efficient input-output economies.

Section 5 shows the linear and nonlinear effects of the TFP decomposition for an inefficient

input-output economy when distortions are wasted. Section 6 shows for a simple economy that

the bias from the linear approximation increases with the magnitude of the shock, and that

the nonlinear effects from our decompostion go to great extent in solving this bias. Section 7

presents the linear and nonlinear effects of the TFP decomposition when distortions are rebated.

Section 8 concludes.
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2 The Environment

In this section, I set up a static nonparametric general equilibrium model with constant-returns-

to-scale (CRS) for economies with N sectors and a representative household. Sector i ∈ N =

{1, · · · , N} consists of two types of firms: (i) a unit mass of monopolistic competitive firms

indexed by zi ∈ [0, 1] producing differentiated goods, and (ii) a perfectly competitive producer

that aggregates the industry’s differentiated goods into a uniform sectoral good that can be

consumed by households or used by other firms as intermediate inputs. Firms differ along four

dimensions; first, monopolistic firms across sectors operate under different technologies; second,

monopolistic firms within sectors have heterogeneous input demand; third, sectoral aggregators

face different distortions; and (iv) for each sector, a fraction of their output is wasted. The

representative household endogenously supply factors f ∈ F = {1, . . . , F}, receive a fraction

ϕi of sector i’s profits, and use this income to consume sectoral goods.

2.1 Production

Monopolistic firms within sectors produce differentiated goods using the same technology. The

production for firm zi in sector i follows

yzi = AiQi (Lzi , Xzi) , Lzi = Aℓ
i Q

ℓ
i

({
Aℓ

if ℓzif
}
f∈F

)
, Xzi = Ax

i Q
x
i

({
Ax

ij xzij
}
j∈N

)
, (1)

where yzi stands for output, Ai is the sector-specific Hicks-neutral productivity term. Lzi is

the factoral composite that depends on the productivity Aℓ
i . ℓzif is the rented amount of type

f factors and is influenced by the productivity Aℓ
if . Xzi is the intermediate input composite

that depends on the productivity Ax
i . xzij is the amount of intermediate input goods purchased

from sector j and is influenced by the productivity Ax
ij.

The technologies Qi : R2
+ → R+, Q

ℓ
i : RH

+ → R+, and Qx
i : RN

+ → R+ are neoclassical and

satisfy the following regularity conditions: they are positive, finite, and for the set of factors

and intermediate inputs for which there is effective demand, they are monotonically increasing,

twice continuously differentiable, strictly concave, and the Inada conditions hold.

The profits for firms zi are given by

πzi = ϕi

(
pziyzi −

∑
f∈F

wf ℓzif︸ ︷︷ ︸
= pℓziLzi

−
∑
j∈N

pj xzij,︸ ︷︷ ︸
= pxziXzi

)
(2)

where pzi is the price of its output, pℓzi is the price for the labor composite, pxzi is the price for
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the intermediate input composite, wh is the wage received by households of type h, pj is the

market price for the good produced by the competitive aggregator in sector j, and ϕi ∈ [0, 1]

stands for the sectoral share of profits rebated back to households.

The competitive firm in sector i guarantees a homogeneous good by aggregating sectoral pro-

duction using the following CES production function

yi =

(∫
yzi

µi dzi

) 1
µi

, (3)

where µi ∈ (0, 1] stands for the sector-specific markdown, and yzi represents the demand of

goods produced by firm zi. The aggregator takes prices as given and maximizes profits given

by π̄i = piyi −
∫
pziyzi dzi.

2.2 Consumption

The representative household’s preferences are captured by the utility function U (Y, L), where

Y stands for real GDP, and L for the aggregate factoral supply. The utility Uh : R2
+ → R+

satisfies the following regularity conditions: UY > 0, UL < 0, twice continuously differentiable,

strictly concave, and the Inada conditions hold. Real GDP is a composite Y = Q
(
{Ch}i∈N

)
that depends on the final consumption Ci of goods from sector i. Aggregate factoral supply L

is a composite L = F
(
{Lf}f∈F

)
. The consumption aggregation technology Q : RN

+ → R+ and

factoral aggregation technology F : RF
+ → R+ are neoclassical: positive, finite, homogeneous of

degree one, and for the set of goods for which there is effective final demand, it is monotonically

increasing, twice continuously differentiable, strictly concave, and the Inada conditions hold.

The representative household aggregates a unit mass continuous of infinitesimal symmetric

households that take prices and wages as given.

GDP and GNI given by

GDP = pY Y =
∑
i∈N

piCi ≤ GNI =
∑
f∈F

Jf +
∑
i∈N

(
π̄i +

∫
πzi dzi

)
. (4)

GDP must not be greater than GNI; the latter includes factoral income Jf = wf Lf and

dividends.

2.3 Market Clearing

For this economy, the technologies, productivities, and markdowns are primitives. Monopolistic

competition and wasted resources are the only sources of distortion. Hence, goods and labor
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market clearing conditions are given by

yi = Ci +
∑
j∈N

xji + hi ∀i ∈ N ,

Lf =
∑
i∈N

∫
ℓzif d zi ∀f ∈ F ,

where ℓif =
∫
ℓzif d zi and xji ≡

∫
xzji dzj are respectively the total amount of factor f and

intermediate inputs j demanded by sector i. hi stands for the real unit of goods produced by

sector i that are destroyed or wasted in the process of production. The nominal value of these

wasted resources needs to satisfy∑
i∈N

pi hi =
∑
i∈N

(1− ϕi) (1− µi) pi yi.

From this condition, for a given vector of markdowns µ = [µ1, . . . , µN ]
′ and rebated profits

ϕ = [ϕ1, . . . , ϕN ]
′, sectoral wasted resources are indeterminate. We are going to assume that

distortions in one sector generate wasted resources in the same sector, i.e.,

hi = (1− ϕi) (1− µi) yi.

Following McKenzie (1959), this model also applies to economies with variable (increasing or

decreasing) return to scale, which can be handled by appropriately introducing producer-specific

fixed entrepreneurial factors in a constant return model.

3 Equilibrium and Centrality Measures

In this section, first, we characterize the equilibrium for this economy. Second, we introduce

measures of bilateral centrality across firms and the representative households, and measures

of aggregate centrality that portray each firm role in the economy. This section is essential to

understand the second-order approximations that make up the main contribution of this paper.

3.1 Equilibrium Characterization

Let e ≡ (A , µ, ϕ) represent the aggregate state, and E denote the measurable collection of all

possible realizations for this state. The matrix A ≡ (A, Aℓ, Ax, Aℓ, Ax) collects all productivity
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measures,1, sectoral markdowns are captured by µ, and rebated profits shares by ϕ. 1N is an

N sized vector of ones.

For this economy, a mapping of the realization of the aggregate state to an allocation ϑ =

(ϑ (e))e∈E and the price system ρ = (ρ (e))e∈E is represented by the set of functions

ϑ (e) ≡
{
Y (e) , L (e) ,

{(
yzi (e) , {ℓzif (e)}f∈F , {xzij (e)}j∈N

)
zi∈[0,1]

, yi (e) , Ci (e) , hi (e)

}
i∈N

}
,

ρ (e) ≡
{{(

pzi (e) , p
ℓ
zi (e) , p

x
zi (e)

)
zi∈[0,1]

, pi (e)

}
i∈N

, {wf (e)}f∈F , pY (e)

}
.

To make the notation cleaner, the definitions and implementation of the model that follows are

conditional in a specific aggregate state e ∈ E , e.g., µ (e) is portrayed by µ.

Definition 1. For any realization of the aggregate state e in the state space E , an equilibrium

is the combination of an allocation and a price system (ϑ, ρ) such that:

(i) given rates {wf}f∈F and prices {pj}j∈N , monopolistically competitive firms’ labor {ℓzif}f∈F

and intermediate input demand {xzij}j∈N , output yzi , and price pzi maximize their prof-

its;

(ii) given prices [pzi ]zi∈[0,1], aggregator firms’ good demand [yzi ]zi∈[0,1], and output yi maximize

their profits;

(iii) given prices {pi}i∈N and rates {wf}f∈F , the representative household’s consumption

{Ci}i∈N and factor supply {Lf}f∈F maximize utility while satisfying their budget con-

straint;

(iv) goods and factor markets clear.

We will abstract from within sector firm heterogeneity by imposing the assumption of symmetry,

i.e., ℓih = ℓzih, and xij = xzij ∀zi ∈ [0, 1], ∀i, j ∈ N and ∀h ∈ H .2 For this reason, I will refer

indistinguishably to firm zi as firm i.

Proposition 1. The set of functions (ϑ, ρ) are an equilibrium if and only if the following set

of conditions are jointly satisfied ∀e ∈ E

YCj

YCi

= µi
∂ yi
∂ xij

∀i, j ∈ N , such that Ci > 0, Cj > 0, and xij > 0, (5)

− wb

wf

UL

UY

LLf

YCi

= µi
∂ yi
∂ ℓib

∀i ∈ N , ∀b, f ∈ F , such that Ci > 0, and ℓib > 0, (6)

1A ≡ (A1, · · · ,AN )
′
, Aℓ =

(
Aℓ

1, · · · , Aℓ
N

)′
, Ax ≡ (Ax

1 , · · · , Ax
N )

′
, Aℓ =

(
Aℓ

1, · · · , A
ℓ
N

)′
, Ax = (Ax

1 , · · · , A
x
N )

′
,

Aℓ
i =

(
Aℓ

i1, · · · , Aℓ
iH

)′
, and Ax

i = (Ax
i1, · · · , Ax

iN )
′
.

2As a consequence yi = yzi , pi = pzi , Li = Lzi , and Xi = Xzi .
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where YCi
= ∂ Y/∂ Ci, LLf

= ∂ L/∂ Lf , and resource constraints

χi yi = Ci +
∑
j∈N

xji ∀i ∈ N ,

and Lh =
∑
i∈N

ℓih ∀h ∈ H ,
(7)

where χi = µi + ϕi (1− µi) represents the share of production that is not wasted.

Proposition 1 identifies the set of equilibrium allocations. In equation (5), the aggregate

marginal rate of substitution between goods i and j has to equal the firm i’s markdown-

adjusted marginal productivity from using the good from sector j as an intermediate input. In

equation (6), the firm i’s markdown-adjusted marginal productivity from using factor b has to

equal the aggregate price-adjusted marginal rate of substitution between the consumption of

the good from sector i and the supply of factor f .

Notice that in the set of conditions captured by equation (6), the only thing that is necessary

for the existence of an equilibrium relationship between the factor demand from firm i and the

supply of factor f , is the consumption from the representative household of the good supplied

by sector i. Whenever firm i rents factor b, and b ̸= h, the differential price adjustement

wb/wh arises in the equilibrium conditions. A higher wb/wh is isomoprhic to an increase in the

marginal rates of susbtition between consumption Ci and factor supply Lh, and in equilibrium,

it requires a higher marginal productivity in firm i of the supply of factor b. This price ration is

a point of difference with Bigio & La’O (2020), where they only consider the endogenous supply

by the representative household of one factor. Additionally, there is an isomorphism between

distortionary markdown increases and positive productivity shocks in equations (5) and (6):

both will increase the markdown-adjusted marginal productivities from labor and intermediate

inputs.

3.2 Measures of Centrality

For the following measures, downstream or cost centrality refers to the propagation of costs

from the supply of factors or intermediate inputs through supply chains, and upstream or

revenue centrality refers to the propagation of money flows from the demand for labor and

goods through payment chains. Table 1 summarizes the direct centralities and Table 2 the

network centralities. The notation in this section will follow Rojas-Bernal (2023).
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3.2.1 Direct Centralities

The vectors ωℓ ≡
(
ωℓ
1, · · · , ωℓ

N

)′
and ωx ≡ (ωx

1 , · · · , ωx
N)

′ portray the direct cost centralities

from composites. Its elements ωℓ
i ≡ ∂ log ci(ϑ,ρ)

∂ log pℓi
=

pℓi Li

ci(ϑ,ρ)
and ωx

i ≡ ∂ log ci(ϑ,ρ)
∂ log pxi

=
pxi Xi

ci(ϑ,ρ)
capture

respectively firm i’s cost elasticities to pℓi and p
x
i , and in equilibrium they equal the cost share

of the factor and intermediate input composites. For this reason, ωℓ
i + ωx

i = 1.

Table 1: Direct Centralities

Matrix Definition In Equilibrium Properties

ωℓ ωℓ
i ≡

∂ log ci(ϑ,ρ)

∂ log pℓi
Cost share of Li

ωℓ
i + ωx

i = 1

ωx ωx
i ≡ ∂ log ci(ϑ,ρ)

∂ log pxi
Cost share of Xi

S = p ◦ χ ◦ y Si ≡ pi χi yi Sales from sector i GDP =
∑

i∈N

(
1− ωx

i
µi

χi

)
Si

Ω̃ℓ Ω̃ℓ
if ≡ ∂ log ci(ϑ,ρ)

∂ log wf
Cost share of ℓif ∑

f∈F
Ω̃ℓ
if +

∑
j∈N

Ω̃x
ij = 1

Ω̃x Ω̃x
ij ≡

∂ log ci(ϑ,ρ)
∂ log pj

Cost share of xij

diag (ωℓ)α = Ω̃ℓ αif ≡ ∂ log pℓi Li

∂ log wf
Cost share of ℓif in Li

∑
f∈F

αif = 1

diag (ωx)W = Ω̃x ωij ≡
∂ log pxi Xi

∂ log pj
Cost share of xij in Xi

∑
j∈N

ωij = 1

β βi ≡ ∂ log GDP
∂ log pi

Cost share of Ci
∑
i∈N

βi = 1

diag (χ) Ωℓ ≡ diag (µ) Ω̃ℓ Ωℓ
if ≡ ∂ log Si

∂ log wf
Share of Si for ℓif ∑

f∈F
Ωℓ
if +

∑
j∈N

Ωx
ij +Ωπ

i = 1diag (χ) Ωx ≡ diag (µ) Ω̃x Ωx
ij ≡

∂ log Si

∂ log pj
Share of Si for xij

Ωπ = diag (1N − µ)ϕ Ωπ
i = πi

Si
Share of Si for πi

The matrices Ω̃ℓ and Ω̃x depict direct labor and intermediate input downstream centralities.

Its elements Ω̃ℓ
if ≡ ∂ log ci(ϑ,ρ)

∂ log wf
=

wf ℓif
ci(ϑ,ρ)

and Ω̃x
ij ≡

∂ log ci(ϑ,ρ)
∂ log pj

=
pj xij

ci(ϑ,ρ)
capture respectively firm i’s

cost elasticities to wf and pj, and in equilibriym they equal the cost share of the factor f and

the good from sector j. The fact that
∑

f∈F Ω̃ℓ
if +

∑
j∈N Ω̃x

ij = 1 indicate that all costs come

from factors or intermediate inputs.

Using these definitions, we obtain the factor network α ≡ diag (ωℓ)
−1 Ω̃ℓ and the input-output

network W ≡ diag (ωx)
−1 Ω̃x, where diag stands for the diagonal operator. Its elements

αif ≡ ∂ log pℓi Li

∂ log wf
=

wf ℓif
pℓi Li

and ωij ≡ ∂ log pxi Xi

∂ log pj
=

pj xij

pxi Xi
capture respectively firm i’s composite

cost elasticities to wf and pj, and in equilibrium they equal the corresponding composites’ cost

share of the factor f and the good from sector j. Notice that
∑

f∈F αif = 1 and
∑

j∈N ωij = 1.

From here, we can define the revenue-based upstream centrality matrices

Ωℓ ≡ diag (µ) diag (χ)−1 Ω̃ℓ and Ωx ≡ diag (µ) diag (χ)−1 Ω̃x,
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with χ = [χ1, . . . , χN ]
′. Its elements Ωℓ

if ≡ ∂ log Si

∂ log wf
=

wf ℓif
Si

and Ωx
ij ≡ ∂ log Si

∂ log pj
=

pj xij

Si
capture

respectively the elasticities of firm i’s sales Si = pi χi yi to wf and pj, and in equilibrium they

equal the sales share of payments for factor f and goods from firm j. Additionally, Ωπ
i = πi

Si

portrays the equilibrium sales share of firm i’s profits rebated back to households of type h.

The fact that
∑

f∈F Ωℓ
if +

∑
j∈N Ωx

ij + Ωπ
i = 1 indicate that all revenue generated by firm i

ends as payments for factors, intermediate inputs, or dividends.

Finally, for the representative household, the consumption vector β = (β1, · · · , βN)′ contains
βi ≡ ∂ log GDP

∂ log pi
= pi Ci

GDP
captures the GDP elasticity to pi, and in equilibrium they equal the

aggregate expenditure share on the good supplied by sector i. For this reason
∑

i∈N βi = 1.

3.2.2 Network Adjusted Centralities

The firm-to-firm downstream centrality matrix or cost-based Leontief inverse matrix is given

by Ψ̃x ≡
(
I − Ω̃x

)−1

≡
∑∞

q=0 Ω̃
q
x. Its element ψ̃x

ij captures the centrality of intermediate inputs

supplied by firm j on the costs of firm i. Similarly, I define the firm-to-firm upstream centrality

matrix or revenue-based Leontief inverse matrix Ψx ≡ (I − Ωx)
−1 ≡

∑∞
q=0Ω

q
x, where its element

ψx
ij represents the revenue share from firm i that through the payment of intermediate input

reaches sales of firm j.

The cost-based sales Domar weights are given by λ̃ = Ψ̃′
x β. Its element λ̃i =

∑
j∈N βj ψ̃

x
ji

captures all direct and indirect paths through which the costs of firm i can reach the represen-

tative household’s expenditure. This is equivalent to the share of aggregate value-added that

passes through sector i. For this reason, ωℓ
i λ̃i stands for the aggregate share of value-added

that is extracted from factors by firm i, and
∑

i∈N ωℓ
i λ̃i = 1. The summation of the cost-based

Domar weights is the aggregate network multiplier ξ =
∑

i∈N λ̃i. The revenue-based sales

Domar weights are given by λ = Ψ′
x β. Its element λi =

∑
j∈N βj ψ

x
ji = Si/GDP stands for the

share of aggregate expenditure that reaches revenue from firm i. These definitions generalize

the supplier centrality vector from Baqaee (2018) and Baqaee & Farhi (2020), or the influence

vector from Acemoglu et al. (2012), to an environment with wasted and rebated distortions.

The worker-to-firm downstream centrality matrix is given by Ψ̃ℓ ≡ Ψ̃x Ω̃ℓ. Given that
∑

f∈F ψ̃ℓ
if =

1, all costs for a firm can be traced back through the production network to some original factor

cost. As a consequence, ψ̃ℓ
if is the value-added share by factor f on the production process of

firm i. In the same way, I define the firm-to-worker upstream centrality matrix Ψℓ ≡ ΨxΩℓ,

where the element ψℓ
if represents the revenue share from firm i that reaches compensation for

factor f . The payment centrality ψℓ
i =

∑
f∈F ψℓ

if captures the share of revenue from firm i that

reaches factoral compensation.
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Table 2: Network Adjusted Centralities

Matrix Definition in Equilibrium Properties
Downstream or Cost-Based Centralities

Ψ̃x =
(
I − Ω̃x

)−1 ψ̃x
ij firm-to-firm

Centrality of j in the costs of i

Ψ̃ℓ = Ψ̃x Ω̃ℓ
ψ̃ℓ
if factor-to-firm

Value-added share by h in the production of i

∑
f∈F

ψ̃ℓ
if = 1

λ̃ = Ψ̃′
x β

λ̃i cost-based Domar weight
Share of aggregate value-added that passes through i

∑
i∈N

ωℓ
i λ̃i = 1

Λ̃ = Ψ̃′
ℓ β

Λ̃f cost-based factor share
Share of aggregate value-added generated by f

∑
f∈F

Λ̃f = 1

Upstream or Revenue-Based Centralities

Ψx = (I − Ωx)
−1 ψx

ij firm-to-firm
Share of Si that reaches Sj

Ψℓ = Ψx Ωℓ
ψℓ
if firm-to-factor

Share of Si that reaches Jf

λ = Ψ′
x β

λi revenue-based Domar weight
Aggregate sales share Si/GDP

Λ = Ψ′
ℓ β

Λf revenue-based factor share
Factor income share Jf/GDP

Γ =
∑
f∈F

Λf ≤ 1

Other Definitions

ξ = 1′
N λ̃ ξ Network Multiplier ξ =

∑
i∈N

λ̃i ≥ 1

ψℓ = Ψℓ 1F
ψℓ
i payment centrality

Share of Si that reaches Γ
ψℓ
i =

∑
f∈F

ψℓ
if

The cost-based factor Domar weights are given by Λ̃ = Ψ̃′
ℓ β. Its element Λ̃f =

∑
i∈N βi ψ̃

ℓ
if cap-

tures all direct and indirect paths through which the cost of factor i can reach the representative

household’s expenditure. Consequently, Λ̃f is the share of aggregate value-added by factor f .

All the costs from this economy originate in factor, and for this reason,
∑

f∈F Λ̃f = 1. The

revenue-based factor Domar weights are given by Λ = Ψ′
ℓ β. Its element Λf =

∑
i∈N βi ψ

ℓ
if =

Jf/GDP stands for the share of aggregate expenditure that reaches compensation for factor f .

The summation of the revenue-based Domar weights is the aggregate labor share Γ =
∑

f∈F Λf .

3.3 Price Variation

Proposition 2 captures the network-adjusted response of prices to supply shocks. These shocks

propagate downstream through the costs of intermediate inputs and final goods, and the cost-

based firm-to-firm and firm-to-consumer centrality measures capture their magnitude.
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Proposition 2. The change in sector i’s prices, household h’s price index, and country r’s GDP

deflator in response to productivity, markdown, and factor cost shocks are, to a first-order,

d log pi = −
∑
j∈N

ψ̃x
ij d log Aj µj +

∑
f∈F

ψ̃ℓ
if d log wf ,

d log pY = −
∑
i∈N

λ̃i d log Ai µi +
∑
f∈F

Λ̃f d log wf ,

where d log Ai = d logAi+ω
ℓ
i d log A

ℓ
i +ω

x
i d log A

x
i +
∑

h∈H Ω̃ℓ
ih d log A

ℓ
ih+

∑
j∈N Ω̃x

ij d log A
x
ij.

First, firm i’s compound measure of productivity d log Ai incorporates Hicks-neutral, factor-

specific, and input-specific augmenting productivity shocks, and its effect on prices across all

firms and households is isomorphic to an increase in the markdown for firm i. Second, factor

costs have a direct effect on the factor bundle price that propagates through the supply of

intermediate inputs to other firms and finally reaches the representative household. Third,

the GDP deflator for country depends negatively in productivity and markdown shocks, and

positively on wages. The elasticities from these shocks on the GDP deflator are respectively

equal to the cost-based sales and factor Domar weights.

4 Nonlinearities in Efficient Production Networks

In this section, we present the second-order for the aggregate efficiency wedge that already

exist in the literature. We start with Hulten’s (1978) theorem. This result characterizes the

first-order variation for aggregate TFP around the efficient equilibrium. Then, we introduce

the second-order approximation for TFP from Baqaee & Farhi (2019).

4.1 Hulten’s Theorem

Theorem 1 characterizes real GDP in equilibrium and its first-order variation around the effi-

cient equilibrium.

Theorem 1. Hulten’s (1978). In equilibrium, real GDP satisfies

Y = Q
(
{Ci}i∈N

)
= TFP F

(
{Lf}f∈F

)
, (8)

where TFP captures total factor productivity and F satisfies d log F/d log Lf = Λf .
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The change in Y and TFP are, to a first-order

d log Y = d log TFP +
∑
f∈F

Λf d log Lf , (9)

d log TFP ≈

d logTechnology︷ ︸︸ ︷∑
i∈N

λi d log Ai . (10)

From equation (8), real GDP in equilibrium has two representations. First, as a CRS function

Q that aggregates sectoral consumption. Second, as the product of TFP, and the CRS function

F that aggregates factors with elasticities equal to the value-added weights Λ̃. Equation (9)

segments the output response into a TFP and a factoral component. Equation (10) is Hulten’s

theorem, i.e., the first-order variation for TFP corresponds to the Domar weighted variation of

productivity shocks. The implication from this result is that the sales distribution is a sufficient

statistic for the aggregate efficiency wedge variation. Consequently, the network details are

unnecessary to gauge the aggregate effects from microeoconomic shocks.

In its original version, Hulten (1978) assumed an inelastic factor supply. Under this assumption,

this theorem is a macroeconomic envelope condition for the production possibility frontier.

Theorem 1 shows that once factors are allowed to be elastic, Hulten’s result still holds. However,

now the theorem characterizes a macroeconomic envelope condition for the aggregate efficiency

wedge. As noticed by Bigio & La’O (2020), what is trully surprising about Hulten’s theorem

is that its local implications hold even for distortionary shocks that drive the economy away

from efficiency, i.e., shocks in µ, ϕ, χ.

4.2 Beyond Hulten’s Theorem

For an input-output economy without distortions and inelastic factors, Baqaee & Farhi (2019)

estimate the second-order approximation for real GDP. In this section, we are going to charac-

terize the second-order approximation for TFP in a production network economy with elastic

factors. For these approximation we require general elasticities of substitution.

The Morishima (1967) elasticity of substitution

1

ρMji
=
∂ log

(
∂ GDP/∂ pi
∂ GDP/∂ pj

)
∂ log (pj/pi)

=
∂ log (Ci/Cj)

∂ log (pj/pi)
=
∂ log (Cj/Ci)

∂ log pi
.

This elasticity measures the variation in the representative household’s demand ratios Ci/Cj

with respect to changes for corresponding input price ratios pj/pi, holding output constant,

allowing only pi variations, and letting all other quantities to adjust optimally (Blackorby &
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Russell, 1989).3 The assumption of constant output implies that this is a net elasticity. How-

ever, when the output is allowed to adjust, then a gross elasticity is the appropriate measure.

Net an gross elasticities are equivalent when the aggregator Q is CRS (Karney, 2016). Goods

i and j are Morishima complements if ρMji < 0 and Morishima substitutes if ρMji > 0. For

example, in response to a pi increase, goods i and j are Morishima complements if Cj/Ci falls,

and Morishima substitutes if Cj/Ci increases.

Baqaee & Farhi (2019) introduce an analogous pseudo elasticity of substitution

1

ρBF
ji

=
∂ log

(
∂ Y/∂ Ai

∂ Y/∂ Aj

)
∂ log (Aj/Ai)

=
∂ log

(
YAi

/YAj

)
∂ log (Aj/Ai)

=
∂ log

(
YAj

/YAi

)
∂ log Ai

.

This elasticity measures the variation in the marginal productivity ratios YAi
/YAj

on aggregate

output with respect to changes in corresponding productivity ratios Aj/Ai, allowing only Ai

variations, and letting all other quantities adjust optimally.

Here we introduce the technological pseudo elasticities of substitution

1

ρji
=
∂ log

(
∂ Technology/∂ Ai

∂ Technology/∂ Aj

)
∂ log (Aj/Ai)

=
∂ log

(
TAi

/TAj

)
∂ log (Aj/Ai)

=
∂ log

(
TAj

/TAi

)
∂ log Ai

.

This elasticity measures the variation in the marginal productivity ratios on technology TAi
/TAj

with respect to changes in corresponding productivity ratios Aj/Ai, allowing only Ai variations,

and letting all other quantities adjust optimally. Under the Baqaee & Farhi (2019) assumptions

of no distortions and an inelastic factor suppy ρji = ρBF
ji .

This elasticity of substitution allows us to characterize changes in the relative shares of value-

added that pass through sector j and i in response to productivity shocks Ai

∂ log
(
λ̃i/λ̃j

)
∂ log Ai

=
∂ log

(
(Ai TAi

) /
(
Aj TAj

))
∂ log Ai

= 1−
∂ log

(
TAj

/TAi

)
∂ log Ai

= 1− 1

ρji
.

In the absence of rebated distortions (i.e., ϕi = 0 ∀i ∈ N ), revenue- and cost-based Domar

weights are the same (λ = λ̃ and Λ = Λ̃), and ρij allows us to characterize changes in the

relative sales shares of sectors j and i. We will call goods i and j technological complements if

ρji ∈ (0, 1) and technological substitutes if ρji < 0 or ρji > 1.

Theorem 2. Baqaee & Farhi’s (2019). The second-order impact of idiosyncratic produc-

3 ∂ GDP
∂ pi

= Ci due to Shepard’s Lemma.
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tivity shocks on TFP for an economy without distortions are given by4

d2 log TFP

d log Aj d log Ai

=
d λi

d log Aj

= λi
∑
m∈N

λm
dωx

m

d log Aj

+ 1 {i = j}λi
∑
m∈N
m ̸=i

ωℓ
m λm

(
1− 1

ρmi

)

+ 1 {i ̸= j}λi

 ∑
m∈N
m̸=i,j

ωℓ
m λm

(
1

ρij
− 1

ρmj

)
+ ωx

i λj

(
1− 1

ρij

) .

(11)

Therefore

d log TFP ≈
∑
i

λi d log Ai +
1

2

∑
i∈N

λi

∑
m∈N

λm
dωx

m

d log Ai
+
∑
m∈N
m̸=i

ωℓ
m λm

(
1− 1

ρmi

) d log A2
i

+
1

2

∑
i∈N

λi

∑
j∈N
j ̸=i

∑
m∈N

λm
dωx

m

d log Aj
+
∑
m∈N
m ̸=i,j

ωℓ
m λm

(
1

ρij
− 1

ρmj

)
+ ωx

i λj

(
1− 1

ρij

) d log Ai d log Aj .

Theorem 2 characterizes the second-order effect on TFP from firm level productivity shocks.

The sales shares λ, the technological pseudo elasticities, and the semi elasticities of the interme-

diate input cost intensities are sufficient statistics for the aggregate efficiency wedge variation

to productivity shocks.

For a Cobb-Douglas economy, the technological pseudo elasticities of substitution are unitary,

the intermediate input cost intentity distribution ωx is fixed, and the first-order approximation

from Theorem 1 is globally accurate.

4To be precise, in Baqaee & Farhi (2019)

d2 log TFP

d log Aj d log Ai
=

d λi

d log Aj
= 1 {i = j} λi

ξ

∑
m∈N
m ̸=i

λm

(
1− 1

ρmi

)
+ λi

d log ξ

d log Ai

+ 1 {i ̸= j}λi

λi

ξ

∑
m∈N
m ̸=i,j

ωℓ
m λm

(
1

ρij
− 1

ρmj

)
− λi λj

ξ

(
1− 1

ρij

) .

This is because their proof starts from the condition ξ =
∑

i∈N λi, while the proof from Theorem 2 utilizes the

1 =
∑

i∈N ωℓ
i λi condition. While in their paper it is necessary to track the input-output multiplier, in equation

(11), we track the distribution of intermediate input cost intensities ωx.

15



5 Nonlinearities with Distortions

In this section, we present the second-order effects for the aggregate efficiency wedge in an

input-output economy with distortions. We start by introducing the first-order approximation

for TFP in an environment with wasted and rebated distortions. Then we proceed to show

the second order effects with fully wasted distortions and fully rebated distortion. This section

constitutes the main contribution from this paper.

5.1 Aggregate Efficiency Wedge with Inelastic Factoral Supply

Theorem 3. Baqaee & Farhi (2020). The change in Y and TFP are, to a first-order

d log Y ≈

d logTechnology︷ ︸︸ ︷∑
i∈N

λ̃i d log Ai +

d logCompetitiveness︷ ︸︸ ︷∑
i∈N

λ̃i d log µi −

d logDistribution︷ ︸︸ ︷∑
f∈F

Λ̃f d logΛf . (12)

Theorem 3 characterizes the first-order variation for real GDP around a distorted equilibrium

when the supply of factors is inelastic. This result comes from accounting identities, and

normalization relative to the price of a numeraire is unnecessary. This lack of normalization is

a point of difference with the comparable theorem from Baqaee & Farhi (2020), who instead

assume a fixed nominal GDP. Using nominal GDP as the numeraire creates uncertainty about

the fundamental real unit of account, as real GDP will no longer be neutral to pure nominal

variations, e.g., Y has to increase as PY falls. Rojas-Bernal (2023) shos that the nominal

GDP normalization used by Baqaee & Farhi (2020, 2023) is non-neutral on TFP whenever the

substitution and income effects on the labor supply are asymmetric.

Equation (12) divides the first-order variation of TFP into three components. First, technol-

ogy captures the direct effect of changes in productivity under a fixed allocation of resources.

Second, competitiveness portrays the reallocation effects from distortions assuming that there

are no variations in the factoral income distribution. These two components tell us that in

the absence of distributional reallocation, the effects on TFP of productivity and markdown

changes in sector i are proportional to its cost-based sales Domar weight λ̃i. Third, distribution

portrays the aggregate efficiency losses from reallocating inputs in response to variations in the

factoral income distribution. The last two components capture the effects on TFP from the

reallocation of factos and intermediate inputs across firms arising from exogenous variations in

distortions and endogenous changes in the factoral income shares. Baqaee & Farhi (2020) label

the last two components as the variation in allocative efficiency.
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5.2 Aggregate Efficiency Wedge with Elastic Factoral Supply

Theorem 4 characterizes the equilibrium factoral supply. This theorem represents an extension

of the labor wedge decompositions from Bigio & La’O (2020) to an environment with multiple

factors and a distorted equilibrium. For the supply of factor f , the factor wedge Γf gauges how

the whole set of economic distortions influences its supply decision.

Theorem 4. Factor Income. In equilibrium, the supply of factor f satisfies

UL

UC

+ Γf
Y

Lf

= 0 with Γf =
Λf

Λ̃f

. (13)

The variation of Λh in response any shock is given by

dΛh =

Final Demand
Recompositionf︷ ︸︸ ︷∑
i∈N

ψℓ
if d βi +

Intermediate Demand
Recompositionf︷ ︸︸ ︷∑

i∈N

ψℓ
if

∑
j∈N

µj λj d Ω̃
x
ji+

Factoral Demand
Recompositionf︷ ︸︸ ︷∑

i∈N

µi λi d Ω̃
ℓ
if

+
∑
i∈N

ψℓ
if λi

ϕi

χi

d log µi︸ ︷︷ ︸
Competitive Incomef

−
∑
i∈N

ψℓ
if (1− µi)λi

ϕi

χi

d log ϕi︸ ︷︷ ︸
Rebated Incomef

.

(14)

The factoral wedge Γh from equation (13) relates the aggregate marginal rate of substitution

between Y and L with the factor’s average rate of transformation on real GDP, i.e., Y/Lf . In

equilibrium, the factoral wedge equals the share of income to value-added, i.e., Γf = Λf/Λ̃f . In

Rojas-Bernal (2023) the inverse of this ratio is called distortion centrality. A factor is overvalued

when Γf > 1 and undervalued when Γf < 1. For economies without distortions or with fully

wasted distortions Γf = 1.

Equation (14) segments the first-order variation of the factoral income shares into five channels.

The final and intermediate demand recomposition characterize the factoral income distribution

effects from the reallocation of the household’s expenditure on final goods, and firms’s ex-

penditure on intermediate inputs. The income share for factor f increases as the household’s

consumption patterns or the firms’ cost structure shifts towards sectors with a high firm-to-

factor centrality on Lf . For example, Λf rises in response to a cost reallocation from good j

to good i, by households or firms, if ψℓ
if > ψℓ

jf . The factoral demand recomposition portrays

the influence on the labor income share from higher factoral demand; the magnitude of this

effect is more prominent for big and relatively undistorted sectors. The competitive income

tells us that lower profit margins in a sector will increase the income share for factor f in a

magnitude proportional to the sector’s size, its centrality on the income for this factor, and the

ratio of rebated to wasted distortions. Finally, rebated income captures how the factor income
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shares fall in response to higher shares of profits rebated back to households. This latter effect

is proportional to the sector’s size, profit margin, its centrality on the income for the factor,

and the ratio of rebated to wasted distortions. Collectivelly, the sales shares λ, the markdowns

µ, the rebated shares ϕ, the wasted ratios χ, the firm-to factor centrality matrix Ψℓ, and the

changes for the expenditure shares β, Ω̃ℓ and Ω̃x, are sufficient statistics for the factoral income

distribution variations.

Theorem 5 describes the equilibrium composition for the aggregate factoral supply. For L, the

aggregate factor wedge Γ gauges how the whole set of economic distortions influences its supply

decision.

Theorem 5. Aggregate Factor Share. In equilibrium, the aggregate factoral supply satisfies

UL

UC

+ Γ
Y

L
= 0 with Γ =

∑
f∈F

Λf (15)

The composition of the aggregate factoral supply needs to satisfy

Γ = Γf =
Λf

Λ̃f

∀f ∈ F . (16)

The variation of the aggregate factor share Γ in response any shock is given by

dΓ =

Final Demand
Recomposition︷ ︸︸ ︷∑
i∈N

ψℓ
i d βi +

Intermediate Demand
Recomposition︷ ︸︸ ︷∑

i∈N

ψℓ
i

∑
j∈N

µj λj d Ω̃
x
ji+

Factoral Demand
Recomposition︷ ︸︸ ︷∑

i∈N

µi λi dω
ℓ
i

+
∑
i∈N

ψℓ
i λi

ϕi

χi

d log µi︸ ︷︷ ︸
Competitive Income

−
∑
i∈N

ψℓ
i (1− µi)λi

ϕi

χi

d log ϕi︸ ︷︷ ︸
Rebated Income

.

(17)

Equation (15) characterizes the aggregate factor supply and its wedge. The aggregate factor

wedge Γ relates the aggregate marginal rate of substitution with the economy’s marginal rate of

transformation Y/L. This wedge equals the aggregate factor income share. Equation (16) tells

us that in equilibrium, all factors will have a symmetric factoral wedge, i.e., all factors will be

equally undervalued or overvalued. This implies that, conditional on the distortions µ, ϕ, and

χ, this is the point at which the composition of L is optimal. Consequently, combinations of

factors that violate this symmetry in factoral wedges will be inefficient from the representative

household’s perspective.

Equation (17) segments the variation for the aggregate factor income share into five sources

analogous to the channels in Theorem 4. The difference now is that the vector of sectoral

payment centralities ψℓ =
(
ψℓ
1, . . . , ψ

ℓ
N

)′
replaces the matrix of firm-to-factor centralities Ψℓ as
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a sufficient statistic.

Furthermore, in the absence of distortions (i.e., µ = ϕ = χ = 1N), the effect from markdowns

on the factoral income share is sufficiently captured by the Domar weights, i.e., d log Γ
d log µi

= λi.

This local variation is the main result from Bigio & La’O (2020), and Theorem 4 and Theorem

5 capture the extension from their findings to a distorted equilibrium with multiple factors.

Corollary 1. d log TFPd log TFPd log TFP with elastic factor supply. With elastic factor supply

d log Distribution =
∑
f∈F

Λ̃f d logΛf =
∑
f∈F

Λ̃f

Λf

dΛf =
1

Γ

∑
f∈F

dΛf = d log Γ. (18)

The variation in Y and TFP are, to a first-order

d log Y = d log TFP +
∑
f∈F

Λ̃f d log Lf ,

d log TFP ≈

d logTechnology︷ ︸︸ ︷∑
i∈N

λ̃i d log Ai +

d logCompetitiveness︷ ︸︸ ︷∑
i∈N

λ̃i d log µi − d log Γ.

Corollary 1 introduces in Theorem 3 the results from Theorem 5. Equation (18) establishes

that under endogenous labor supply, there is a tight connection between the TFP decomposi-

tion from Baqaee & Farhi (2020) and the first-order variation of the aggregate factor income

share. For a representative household economy with endogenous factor supply, the TFP de-

composition is simplified, as the misallocation driven by distributional variations correspond to

the aggregate factoral income share growth. It is no longer necessary to trace the dynamics for

every component in the distribution {Λf}f∈F , but only for the aggregate factor wedge Γ. Fur-

thermore, this result associates in a single equation the two equilibrium objects that, according

to Chari et al. (2007), account for the bulk of business cycle fluctuations.

5.3 Nonlinearities with Wasted Distortions

When distortions are fully wasted (i.e., ϕi = 0), the markdown and the share of non-wasted

production are symmetric, i.e., µi = χi. Wasted distortions do not dilute revenue as consump-

tion expenditure flows upstream in a production network. These distortions are isomorphic to

a productivity shock, e.g., firm i requires χ−1
i times the amount of inputs to produce one unit of

yi relative to the case with no wasted distortions. Consequently, all income is factoral income

(Γ = 1), the value-added by a factor corresponds to its revenue (Λ̃ = Λ), and the value-added

that passes through a sector equals the sector’s revenue (λ̃ = λ). However, the allocation of

factors and intermediate inputs is not the same as in the undistorted equilibrium. For this
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reason, there is a misallocation relative to efficient equilibrium. Iceberg trade costs and forgone

risk premium paid by firms (Liu, 2019) are examples of wasted distortions.

Corollary 2. d log TFPd log TFPd log TFP with wasted distortions.

d log TFP ≈
∑
i∈N

λ̃i d log Ai +
∑
i∈N

λ̃i d log µi.

Corollary 2 represents the first-order variation for TFP in an economy with fully wasted distor-

tions. Productivity and markdown variations have an isomorphic effect on TFP with elasticities

equal to the cost-based Domar weights λ̃.

The markdown pseudo elasticities of substitution are given by

1

ϑji

=
∂ log

(
∂ Technology/∂ Ai

∂ Technology/∂ Aj

)
∂ log (µj/µi)

=
∂ log

(
TAi

/TAj

)
∂ log (µj/µi)

=
∂ log

(
TAj

/TAi

)
∂ log µi

.

This elasticity measures the variation in the marginal productivity ratios on technology TAi
/TAj

with respect to changes in corresponding markdown ratios µj/µi, allowing only µi variations,

and letting all other quantities adjust optimally.

This elasticity of substitution allows us to characterize changes in the relative shares of value-

added that pass through sector j and i in response to markdown shocks µi

∂ log
(
λ̃i/λ̃j

)
∂ log µi

=
∂ log

(
(Ai TAi

) /
(
Aj TAj

))
∂ log µi

=
∂ log

(
TAi

/TAj

)
∂ log µi

= − 1

ϑji

.

We will call goods i and j markdown complements if ϑji > 0 and markdown substitutes if

ϑji < 0.

Theorem 6. Second-Order TFP impact of Microeconomic Shocks. The second-order

impact of idiosyncratic productivity shocks on TFP for an economy with wasted distortions

are given by

d2 log TFP

d log Aj d log Ai

=
d2 log TFP

d log Aj d log µi

=
d λ̃i

d log Aj

= λ̃i
∑
m∈N

λ̃m
dωx

m

d log Aj

+ 1 {i = j} λ̃i
∑
m∈N
m ̸=i

ωℓ
m λ̃m

(
1− 1

ρmi

)

+ 1 {i ̸= j} λ̃i

 ∑
m∈N
m̸=i,j

ωℓ
m λ̃m

(
1

ρij
− 1

ρmj

)
+ ωx

i λ̃j

(
1− 1

ρij

) ,
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d2 log TFP

d log µj d log Ai

=
d2 log TFP

d log µj d log µi

=
d λ̃i

d log µj

= λ̃i
∑
m∈N

λ̃m
dωx

m

d log µj

− 1 {i = j} λ̃i
∑
m∈N
m ̸=i

ωℓ
m

λ̃m
ϑmi

− 1 {i ̸= j} λ̃i

 ∑
m∈N
m̸=i,j

ωℓ
m λ̃m

(
1

ϑij

− 1

ϑmj

)
+ ωx

i

λ̃j
ϑij

 ,

Therefore

d log TFP ≈
∑
i∈N

λ̃i d log Ai +
∑
i∈N

λ̃i d log µi

+
1

2

∑
i∈N

λ̃i

 ∑
m∈N
m̸=i

ωℓ
mλ̃m

(
1− 1

ρmi

)
+
∑
m∈N

ωx
mλ̃m

d log ωx
m

d log Ai

 (d log Ai)
2

+
1

2

∑
i∈N

λ̃i

∑
j∈N
j ̸=i

 ∑
m∈N
m ̸=i,j

ωℓ
mλ̃m

(
1

ρij
− 1

ρmj

)
− ωℓ

j λ̃j

(
1− 1

ρij

)
+
∑
m∈N

ωx
mλ̃m

d log ωx
m

d log Aj

 d log Ai d log Aj

− 1

2

∑
i∈N

λ̃i

 ∑
m∈N
m̸=i

ωℓ
mλ̃m

ϑmi
+
∑
m∈N

ωℓ
mλ̃m

d log ωℓ
m

d log µj

 (d log µi)
2

− 1

2

∑
i∈N

λ̃i

∑
j∈N
j ̸=i

 ∑
m∈N
m ̸=i,j

ωℓ
mλ̃m

(
1

ϑmj
− 1

ϑij

)
−

ωℓ
j λ̃j

ϑij
+
∑
m∈N

ωℓ
mλ̃m

d log ωℓ
m

d log µj

 d log µi d log µj

+
∑
i∈N

λ̃i

∑
j∈N

 ∑
m∈N
m̸=i,j

ωℓ
mλ̃m

(
1

ρij
− 1

ρmj

)
− ωℓ

j λ̃j

(
1− 1

ρij

)
+
∑
m∈N

ωx
mλ̃m

d log ωx
m

d log Aj

 d log µi d log Aj .

Theorem 6 characterizes the second-order effect on TFP from firm level productivity and mark-

down shocks when distortions are fully wasted. The cost-based Domar weights λ̃, the technolog-

ical and markdown pseudo elasticities, and the semi elasticities of the intermediate input cost

intensities are sufficient statistics for the aggregate efficiency wedge variation to productivity

and markdown shocks.

6 Illustrative Examples

To illustrate the impact of Theorem 6 on the approximation of TFP responses to sectoral

productivity and markdown shocks, we analyze a simple one-factor, two-sector economy with
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inelastic labor supply. In this model, sector i’s production function is defined as:

yi = Ai

(
ω L

γ−1
γ

i + (1− ω) x
γ−1
γ

ij

) γ
γ−1

.

Here, γ represents the elasticity of substitution between labor and intermediate inputs. Firms

in each sector purchase all their intermediate inputs from the other sector, leading to the market

clearing condition for sectoral good i:

yi = Ci + xji,j ̸=i

Aggregate consumption is a CES aggregation of sectoral goods produced for households:

C =
(
ω1 C

θ−1
θ

1 + (1− ω1) C
θ−1
θ

2

) θ
θ−1

,

where θ denotes the elasticity of substitution between different final goods. Figure 1 is a visual

representation of this model. It is important to note that the model exhibits symmetry in

markdown, productivity, elasticities, β, ω, and ω1 at the steady state. To simulate the effects

of a sectoral shock to sector 1, please see Figure 2. This figure illustrates the actual real GDP

response, along with the first-order and second-order responses based on Theorem 6, under

varying levels of productivity shocks and assuming full labor reallocation.

Figure 1: Two-sector economy with one inelastic factor

Sector 1

L

Final Consumer

Sector 2

p1C1 p2C2

p2x12p1x21

wL1 wL2

Figure 2A examines a symmetric economy characterized by high substitutability between labor

and intermediate inputs, as well as between final goods. A positive sectoral shock to sector 1

leads to labor reallocation to this sector, resulting in a significant increase in the production
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of final goods. High substitutability implies that the ratios p1
p2

and λ̃1

λ̃2
decrease substantially,

causing a large General Equilibrium (GE) elasticity of ρ12. Consequently, the first-order ap-

proximation becomes less accurate, and the second-order term gains prominence.

The high elasticity of substitution allows the economy to respond significantly to positive sec-

toral shocks. Conversely, when sector 1 faces a negative shock, resources shift towards sector 2,

mitigating the impact of this adverse shock. In the presence of severe productivity shocks, the

first-order approximation, which matches the economy’s response to a Cobb-Douglas economy

where θ = γ = 1, fails to capture the real GDP response. Instead, the second-order approxima-

tion performs much better because λ̃1 increases significantly, while λ̃2 decreases considerably,

resulting in a substantial GE elasticity of ρ12, thereby making the second-order term crucial.

Moving to Figure 2B, we explore a symmetric economy characterized by high complementarity

between labor and intermediate inputs, as well as between final goods. Due to this high

complementarity, the economy allocates more resources to the sector with relatively lower

productivity when faced with sectoral shocks. In such cases, λ̃i and λ̃j respond similarly to

shocks, resulting in
∂ log(λ̃i/λ̃j)

∂ logAi
remaining close to zero, and the second-order effect becomes less

significant.

Figure 3 illustrates the economy’s response, along with the first-order and second-order re-

sponses to sectoral shocks when there is no labor reallocation. In this scenario, firms can only

choose their intermediate inputs. With high substitutability between labor and intermediate

inputs and between final goods, the economy cannot fully benefit from positive sectoral shocks

or mitigate the impact of negative shocks. Consequently, λ̃1 decreases slightly, while λ̃2 in-

creases slightly, leading to a small GE elasticity of ρ12, thereby diminishing the significance

of the second-order term. Conversely, in the presence of high complementarity, the sectoral

responses to a sectoral shock differ. λ̃1 increases more, while λ̃2 increases less in the opposite

direction of sectoral shocks, resulting in a relatively larger GE elasticity of ρ12 compared to full

labor allocation in Figure 2, making the second-order effect more critical.

Figure 4 presents the actual real GDP response, along with the first-order and second-order

responses, based on Theorem 6, for varying levels of distortion shocks, assuming full labor

reallocation. At the steady state, µ1 and µ2 equal 0.9. The distortion represents the inefficiency

in resource allocation, with 1 − µ of sectoral output being wasted. This can be seen as the

forgone risk premium firms pay in Liu (2019) or iceberg trade costs. Sector 1 experiences a

distortion shock, causing µ1 to deviate from its steady-state value.

In Figure 4A, we focus on a symmetric economy characterized by high substitutability between

labor and intermediate inputs and between final goods. A high elasticity of substitution enables

the economy to benefit significantly from the reduction in sectoral distortion. When sector

1 experiences a reduction in distortion (higher markdown), resources shift towards sector 1,
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leading to a substantial increase in the production of final goods compared to the steady state.

In severe distortion shocks, the first-order approximation matching with the unitary elastic

economy (θ = γ = 1) response fails to accurately capture the real GDP response. Instead,

the second-order approximation performs much better because λ̃1 decreases significantly, while

λ̃2 increases significantly, resulting in a significant GE elasticity of ν12. Consequently, the

second-order effect becomes crucial.

Notably, Baqaee & Farhi (2020) only captures the first-order effect of distortion shocks, making

it a weak approximation for the economy’s response with full reallocation. When there is no

labor reallocation, distortion shocks lead to less movements in λ̃1 and λ̃2 compared to the

economy with full reallocation. This results in a smaller ν12 and a diminished second-order term.

Therefore, the first-order approximation becomes excellent, and the second-order contribution

is close to zero.

Figure 4B illustrates a symmetric economy characterized by high complementarity between

labor and intermediate inputs and between final goods. Due to this high complementarity, the

economy allocates more resources to the sector with relatively higher distortion. In such cases,

λ̃1 and λ̃2 respond similarly to sectoral distortion shocks, resulting in
∂ log(λ̃1/λ̃2)

∂ log µ1
remaining

close to zero, and the second-order effect becomes less significant. Therefore, the first-order

approximation, similar to Baqaee & Farhi (2020), accurately captures the effect of distortion

shocks.

However, in scenarios without labor reallocation, distortion shocks lead to a much larger increase

in λ̃1 compared to λ̃2, resulting in a larger ν12 and a more substantial role for the second-order

term in an economy with high complementarity.
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Figure 2: Real GDP response to sectoral shocks in a symmetric two-sector
economy with inelastic labor with full reallocation/constant return to scale.

µ = 0.9

A. Extreme substitution

B. Extreme complementarity
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Figure 3: Real GDP response to sectoral shocks in a symmetric two-sector
economy with inelastic labor and no reallocation/extreme decreasing return to

scale. µ = 0.9

A. Extreme substitution

B. Extreme complementarity
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Figure 4: Real GDP response to distortion shocks in a Symmetric two-sector
economy with inelastic labor with full reallocation/constant return to scale.

µ = 0.9

A. Extreme substitution

B. Extreme complementarity
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7 Rebated Distortions

Work in Progress...

8 Conclusion

This paper offers a novel perspective on the impact of microeconomic disturbances in an inef-

ficient production network economy on aggregate TFP. We present non-linear decompositions

designed to apply across various general equilibrium settings, enabling the identification of es-

sential metrics for capturing the non-linear consequences of microeconomic fluctuations. These

consequences encompass firm-level productivity shocks, wasted distortions, and rebated distor-

tions.

Our findings underscore that significant shocks or pronounced complementarity/substitution in

production processes introduce considerable bias into the linear approximations found in the

literature regarding distortions and productivity shocks. Importantly, our non-linear second-

order effects act as a potent counterbalance to this bias. The model builds upon established

multisector models and advances the understanding of non-linear effects in general equilibrium

input-output environments with distortions.
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