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Abstract

In this paper, I develop a general aggregation theory that explains the role of produc-
tion networks in country-level TFP. This theory applies to a distorted production network
open economy with endogenous factor supply. My main contribution is to provide decom-
positions for the country-level TFP variation that account for the possibility that factors
of production and dividends cross national boundaries. The country-level TFP depends
on sufficient statistics that characterize the effect on domestic real GDP from (i) firm-level
productivity and markdown shocks in domestic and foreign firms and (ii) variations in
the global income distribution. These decompositions do not require quantity measures
of variations, facilitating their empirical implementation, as price data is no longer neces-
sary. Additionally, for an efficient economy, a Hulten type of decomposition exists for each
country, and the global sales distribution is a sufficient statistic to characterize the first-
order propagation of global shocks on country-level TFP. These results support a theory
of economic spillovers and contagion through industrial networks, corroborating the es-
sential role of global value chains in creating strong complementarities and commonalities

in business cycles across countries.
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1 Introduction

Throughout much of human history, the landscape of production was fundamentally local.
Firms leveraged local resources, and consumers predominantly sourced their products locally.
Long-distance trade was primarily for luxury goods like precious metals, spices, and textiles.
Prominent cities and civilizations harnessed these markets, amassing financial surpluses that
allowed them to establish economic hegemony. For instance, mastery of seafaring techniques
empowered the Phoenicians, bolstering their trade in cedar and linens, and the secrecy of
sericulture gave total control to China over the global silk market. The onset of globalization,
mainly after the Second World War, has altered the complexity and interconnectedness of
markets. Today, consumers navigate an economy with intricate global supply chains, where the
production of goods often extends across multiple continents. Moreover, financial globalization
and digital advancements have reshaped production, creating dependencies on international

factors at each stage of the supply chain.

This paper provides a novel country-level aggregate efficiency wedge decomposition that ac-
counts for the possibility that factors of production and dividends cross national boundaries.
The main contribution is to provide decompositions and sufficient statistics for the country-
level total factor productivity (TFP) that account for the complexity of global supply chains
and factoral reallocation across countries. My findings illustrate the interplay of global supply

chains and economic spillovers through intermediate input markets.

The neoclassic framework that I use allows for (i) general production networks, (ii) sectoral
rebated distortions, (iii) household heterogeneity in income and consumption across and within

countries, (iv) fixed or endogenous factor supply, and (v) cross-country factoral markets.

[ leverage the results from Rojas-Bernal (2023) that characterize the aggregate and idiosyncratic
efficiencies wedges for a closed economy setting. In that paper, I obtained the decomposition for
aggregate TFP in a general production network environment with distortions and household
heterogeneity on consumption and income. In this paper, I extend the model to an open
economy setting. This extension allows me to focus instead on country-level TFP. My model
defines country as a collection of firms and households that produce and reside in a specific
geographic space. Here, country-level TFP represents the aggregate efficiency for the collection
of firms operating within that geography. In this sense, the country-level TFP decompositions
obtained in this paper apply to any geographic space, e.g., regions, states, and cities. The
crucial point of this research is leaving aside the assumption of country-specific factor markets.
This grants flexibility to the decompositions and sufficient statistics, enabling their application

across multiple economic environments.

I begin by obtaining sufficient statistics that characterize, for a specific country, the value-



added contribution that any firm or factor in the global economy has. In an environment free
of distortions or without intermediate inputs, a country’s GDP is purely a product of domestic
firms and the factors they employ. In other words, a country can only extract value added by
utilizing factors that generate domestic production. With the introduction of distortions and
input-output networks, countries can capitalize on intermediate inputs, producing domestic
goods that yield surplus profits. In this way, foreign production and factors foreign firms use

can directly contribute value-added to a country’s GDP.

Using these statistics, I break down the first-order approximation of country-level TFP into
three distinct channels. First is a direct technological effect. Second is the direct effect of
variations in distortions. These two channels capture the propagation effects of productivity
and distortion shocks for a country, keeping its share of global GDP and the factoral income
distribution fixed. For these channels, shocks to domestic firms directly impact a country’s
TFP, while shocks to suppliers of intermediate inputs can indirectly affect TFP by causing
profit fluctuations. Finally, a country’s TFP increases with its global GDP share and with
changes in the global factoral income distribution that make more affordable inputs essential

for domestic production.

For a global economy without distortions, keeping the distributional channel fixed, country-
level TFP increases with (i) higher domestic productivity, (ii) stronger distortions for foreign
firms, and (iii) weaker distortions for domestic firms. Moreover, through the distributional
channel, country-level TFP can increase with the labor income share for domestic factors as
long as they have a small value-added on domestic production. In other words, making more
expensive domestic factors is beneficial for a country if the value added by those factors reaches

mainly foreign production.

For a global economy without distortions, with country-specific factor markets, and with com-
plete equity home bias, there is Hulten (1978) theorem type of result that characterizes the
envelope condition for the country’s efficiency wedge. The variation in country-level TFP is
solely driven by domestic productivity shocks, with the domestic sales distribution serving as a
sufficient statistic for its first-order variation. Thus, only under these stringent constraints can
one overlook network intricacies when assessing the aggregate impact of microeconomic shocks

on country-level TFP.

The quantitative implementation applies the open economy Hulten’s theorem to the long-
run world input-output database. My decompositions highly correlate with observable and

independent measures of country-level TFP.
Related Literature

This paper contributes to the literature on production networks, growth accounting, and mis-



allocation. First, the research on shock propagation in production networks builds on the
canonical multisector models from Hulten (1978) and Long & Plosser (1983). These models
have been used to study the propagation of sectoral productivity shocks (Foerster et al., 2011;
Horvath, 1998, 2000; Dupor, 1999; Acemoglu et al., 2012, 2016; Carvalho et al., 2021) and
distortions (Basu, 1995; Ciccone, 2002; Yi, 2003; Jones, 2011, 2013; Asker et al., 2014; Baqaee,
2018; Liu, 2019; Baqaee & Farhi, 2020; Bigio & La’O, 2020; Rojas-Bernal, 2023). Huo et al.
(2021) and Baqaee & Farhi (2023) implement these models in an open economy setting to study
the comovement and propagation of shocks through global supply chains. The decompositions
for country-level real GDP from Huo et al. (2021) apply for a CES economy where factors are
sector-specific. The factor supply is also elastic, and distortions are wasted (iceberg costs).
The country-level real GDP decompositions from Baqaee & Farhi (2023) apply to a general
CRS production network economy where factoral markets are country-specific and distortions
are rebated back to domestic households. This paper introduces the first decomposition for
country-level real GDP and TFP in a general CRS production network economy with flexible
factor markets, i.e., not sector- or country-specific. This flexibility allows for factoral realloca-
tion effects within and across countries. The factor supply is elastic, and distortions are rebated

back to households.

In the growth accounting literature opened by Solow (1957), and developed by Domar (1961);
Hulten (1978); Jorgenson et al. (1987); Hall & Diamond (1990); Basu & Fernald (2002); Petrin
& Levinsohn (2012); Osotimehin (2019); Baqaee & Farhi (2020); Rojas-Bernal (2023), I obtain
a novel decomposition for country-level TFP that captures the cross country spillovers from
productivities, distortions, and income distribution variations. The country-level decomposi-
tion of the effects from the reallocation of resources relates my model with the misallocation
literature (Restuccia & Rogerson, 2008; Hsieh & Klenow, 2009).

Layout

The structure of the paper is as follows. Section 2 introduces the open economy multisector
input-output model with heterogenous households and distortions. Section 3 characterizes the
equilibrium and the network centrality measures. This section introduces new country-specific
sufficient statistics that capture how firms and factors in the global economy affect the value-
added distribution from a country. Section 4 presents the novel decompositions for country-level
TFP and characterizes the sufficient statistics that are necessary for this representation. Section
5 explains how the results of this paper differ from Baqaee & Farhi (2023); in particular, I show
that their results are a limiting case of my decomposition. Section 6 implements the open
economy Hulten theorem derived in this paper using the world input-output database. Section

7 concludes.



2 General Framework

In this section, I set up a static nonparametric general equilibrium model with constant-
returns-to-scale (CRS) for economies with N sectors and H types of households. Sector
i€ N ={l,---, N} consists of two types of firms: (i) a unit mass of monopolistic competitive
firms indexed by z; € [0, 1] producing differentiated goods, and (ii) a perfectly competitive
producer that aggregates the industry’s differentiated goods into a uniform sectoral good that
can be consumed by households or used by other firms as intermediate inputs. Firms differ
along four dimensions; first, firms in sector ¢ € A4, C .4 produce in the country r; second,
monopolistic firms across sectors operate under different technologies; third, monopolistic firms
within sectors have heterogeneous input demand; and fourth, sectoral aggregators face differ-
ent distortions. Households of type h € J# = {1,---, H} consume sectoral goods using the
income received from their endogenous labor supply and rebated profits. Households differ
along four dimensions; first, households of type h € 7. C S reside in the country r; second,
their preferences; third, a type-specific horizontally differentiated labor supply; and fourth, the
composition of their equity portfolio. Financial markets are incomplete, and households cannot

cross-insure their idiosyncratic income shocks.

2.1 Production

Monopolistic firms within sectors produce differentiated goods using the same technology. The

production for firm z; in sector ¢ follows

P = A Qi (LX), Lo = ALQE({ AL L}y ) Xe= AT ({45}, )0 (1)

where y., stands for output, A; is the sector-specific Hicks-neutral productivity term. L., is the
labor composite that depends on the productivity A%. €., is the amount of labor hired from
household % and is influenced by the productivity A%,. X, is the intermediate input composite
that depends on the productivity AY. z.,; is the amount of intermediate input goods purchased

from sector j and is influenced by the productivity Af;.

The technologies Q; : R2 — Ry, Q¢ : R — Ry, and Q7 : RY — R, are neoclassical and
satisfy the following regularity conditions: they are positive, finite, and for the set of labor types
and intermediate inputs for which there is effective demand, they are monotonically increasing,

twice continuously differentiable, strictly concave, and the Inada conditions hold.



The profits for firms z; are given by

T2y = DYz — E Wh gzih - E :pj Lz,

hext o gen (2)

J/

Pl L, —p? X,
where p,, is the price of its output, pﬁi is the price for the labor composite, p7. is the price for
the intermediate input composite, wy, is the wage received by households of type h, and p; is

the market price for the good produced by the competitive aggregator in sector j.

The competitive firm in sector ¢ guarantees a homogeneous good by aggregating sectoral pro-

duction using the following CES production function

Yi = (/ Yz, dzi) " ; (3)

where 1; < 1 stands for the sector-specific markdown, and y., represents the demand of goods

produced by firm z;. The aggregator takes prices as given and maximizes profits given by

T = piYi — [ Paiyes dzi.

2.2 Households

Households of type h share the preference utility function U, (C, Ly), where C), stands for
real consumption, and Ly, for the labor supply. The utility Uy, : R — R, satisfies the usual
regularity conditions: Ug, > 0, U, < 0, twice continuously differentiable, strictly concave,
and the Inada conditions hold. The composite real consumption C}, = Q¥, ({C’hi} e JV) depends
on the final consumption CY; of goods from sector . The consumption aggregation technology
Q5 : RY — R is neoclassical: positive, finite, homogeneous of degree one, and for the set of
goods for which there is effective final demand, it is monotonically increasing, twice continuously

differentiable, strictly concave, and the Inada conditions hold.

Each household is infinitesimal, and for this reason, they take prices and wages as given.
Consequently, for any two households with type h, their choices are equivalent, and the notation
of the model becomes simpler by assuming a type-specific representative household with a

budget constraint given by
Eyp =p,Ch = Zpichi < Jp+ 1, and I, = Z Kin (7‘@- + /7721. dzi) : (4)
ieN ieN

Expenditure Fj, must not be greater than income; the latter includes labor income J, = wy, Ly,

and dividend income II,. Households of type h own a fraction k;, of the firms in sector i.



2.3 Market Clearing

For this economy, the technologies, productivities, markdowns, and ownership distributions are
primitives. Monopolistic competition is the only source of market imperfections. These distor-
tions reallocate resources and imply no wasted resources. Hence, the goods market clearing is

given by

yi:ZCm’-ﬁ-Zl‘ji Vie N, (5)

hest jenN

where z;; = [ 7., dz; is the total amount of intermediate inputs from sector i bought by

all monopolistic firms in sector j. Labor market clearing requires L, = {;, Yh € ¢, with

b= ien [ landzi.

2.4 Remarks

This environment also applies to the following three generalizations. First, following McKenzie
(1959), economies with variable (increasing or decreasing) return to scale can be handled by
appropriately introducing producer-specific fixed entrepreneurial factors in a constant return
model. Second, without loss of generality, the model and the following results apply to any
production factor, not only labor. Finally, the effect of markdowns in the results from my
model is isomorphic to other distortions that deviate the system of prices from its first-best

solution, such as taxes and financial constraints.

A potential limitation of my model is that I assume segmentation of the labor supply across
types of households. The parsimony from this premise allows me to bypass three problems.
First, I do not need to consider an ownership matrix that specifies the factor share supplied by
each household type. Second, I do not need to consider the cross-elasticities in preferences that
arise from the supply of multiple factors by the same household. Third, I can abstract from
strategic complementarities between multiple types of households in the supply of the same

factor.

3 Equilibrium and Network Centralities

In this section, first, I characterize the equilibrium for this economy. Second, I introduce mea-
sures of bilateral centrality across firms and households, and measures of aggregate centrality
that portray each firm or household’s role in the economy. This section is essential to under-

stand the first-order approximations that make up the main contribution of this paper.



3.1 Equilibrium Characterization

Let e = (&, u, k) represent the aggregate state, and & denote the measurable collection of all
possible realizations for this state. The matrix o = (A, Ay, A;, A,, A,) collects all productivity
measures, and sectoral markdowns are captured by p = (1, - - , ). The equity matrix x =
(ki,--- , k) of size N x H contains the ownership distribution of firms in sector i represented

by the vector k; = (K1, - kg ), with k;1g =1, and where 1 is an H sized vector of ones.

For this economy, a mapping of the realization of the aggregate state to an allocation ¢ =
(¥ (e)).ce and the price system p = (p(e)),c, is represented by the set of functions

€N

00 = {{ (10 O 1o @b 025 @) OO @} OO L@y |-

z;€[0,1]
ple)= {{<pzi ()7L, (€) #%, (€))coy i ()}, {wn (€)1 <e>}h@f} -

To make the notation cleaner, the definitions and implementation of the model that follows are

conditional in a specific aggregate state e € &, e.g., u(e) is portrayed by pu.

Definition 1. For any realization of the aggregate state e in the state space &, an equilibrium

is the combination of an allocation and a price system (¥, p) such that:

(i) given wages {wp},. , and prices {p; }j cy» monopolistically competitive firms’ labor {£,},,c ,»

and intermediate input demand {z,;} output y,,, and price p,, maximize their prof-

jeN"
its;

(ii) given prices [ps,], c (). aggregator firms’ good demand [y.,], (o1}, and output y; maximize

Zie[
their profits;

(iii) given prices {p;},. , and wages {wp}, ., households’ consumption bundles {Cy;},c ,

and labor supply L, maximize utility while satisfying their budget constraint;

(iv) goods and labor markets clear.

I will abstract from within sector firm heterogeneity by imposing the assumption of symmetry,
Le., lip =y, and x;; = x,,; Vz; € [0,1], Vi, j € A and Vh € 5.2 For this reason, I will refer

indistinguishably to firm z; as firm 4.

Proposition 1. The set of functions (¢, p) are an equilibrium if and only if the following set

’ !
LA (Anyo AN, A= (Ao AR Ar = (AT AR) A = (A AL ), A, = (A7, A7),
Af = (Aglv"' vAfH)lv and Azm = (Aflv"' 7AZ£N)/~

2As a consequence y; = Y., Pi = Ps,, Li = L.,, and X; = X,.



of conditions are jointly satisfied Ve € &

8Ch/80hj Oyzi

9CL/0Ch  Mou.,

Vi,j € A, and Vh € S such that Cy; >0, Cp; >0, and z.,; >0, (6)

wy Up, Oy

wy, Ug,, N ’“a&b

Vi e A, and Vh,b € S such that Cp; > 0, and £;; > 0, (7)

and resource constraints
Y = ZCM—FZ.Z']'Z‘ Vi e N,
hes# jenN

and L, = Z 0, Yhe .
ieN

Proposition 1 identifies the set of equilibrium allocations. In equation (6), for firm 7, the
markdown-adjusted marginal productivity from using the good from sector j as an intermediate
input has to equate for every household the marginal rate of substitution between goods i and j.
In equation (7), for firm 4, the markdown-adjusted marginal productivity from using the labor
supplied by households of type b, has the equate for every household a wage-adjusted marginal
rate of substitution between the consumption of the good from sector ¢ and their labor supply.

This equilibrium is the same as in Rojas-Bernal (2023).

3.2 Measures of Centrality

For the following measures, downstream or cost centrality refers to the propagation of costs
from the supply of labor or intermediate inputs through supply chains, and upstream or revenue
centrality refers to the propagation of money flows from the demand for labor and goods through

payment chains. Table 1 summarizes the direct centralities and Table 2 the network centralities.

3.2.1 Direct Centralities

The vectors w, = (w‘f, e ,wf\,)/ and w, = (W¥, -+ ,w%) portray the direct cost centralities

0 — dlog c;(V,p) _ piL; Odlog c;i(9,p) _ Py Xi
i = Ologp! ci(V,p) dlog p? ci(d,p)

respectively firm i’s cost elasticities to pf and p¥, and in equilibrium they equal the cost share

from composites. Its elements w and wf = capture

of the labor and intermediate input composites. For this reason, w! + w? = 1.

The matrices Qg and ﬁz depict direct labor and intermediate input downstream centralities.

ij —  Ologpj ci(9,p)
cost elasticities to wy, and p;, and in equilibrium they equal the cost share of the labor supplied
by households of type h and the good from firm j. The fact that »_,_,, th + Zje/l/ (ij =1

indicate that all costs come from labor or intermediate inputs.

Its elements QY = Dlogei(Dp) _ wnlin op( Oz = dlogei(9p) _ PjTij

. .
D log HE) capture respectively firm i’s



Table 1: Direct Centralities

Matrix Definition In Equilibrium Properties
wp wt = W Cost share of L;
‘ wf +wi=1
Wy wf = %{;g@p) Cost share of X;
S Of — 9logci(V,p) )
Qy O, = ~ologwy Cost share of /;, 5 th N E Qx 1
Q, f = 7‘9[3%;(;3’”) Cost share of x;; het’
~ £
diag (we) o = Qg o = ag(l)gfwa Cost share of £;;, in L; Yooagp =1
g =
diag (wy) W = Q, wij = dgolgo# Cost share of z;; in X doowiy=1
’ jen
B Bri = %lloofﬁf Cost share of Cj; > Pri=1
ieN
K Kip = % Equity share of h in i > k=1
! het
Oy = diag (p) Q th = glloogjf Share of S; for ¢;,
O, = diag (1) Q, QF = giggi? Share of S; for z;; > (th + th) + > Q5 =1
J he# jEN
Qr =diag Iy — p) K an = %f’ Share of S; for IIj,

Using these definitions, I obtain the labor network a = diag ((.Ug>_1 Qg and the input-output

. -1 . .
network % = diag (w,)” €, where diag stands for the diagonal operator. Its elements
_ OlogpfL; b, _ Ologp? X5 __ pjxiy . - .
Aih = Blogwr = L and w;; = Dlogp,  — prX capture respectively firm i’s composite

cost elasticities to wy, and p;, and in equilibrium they equal the corresponding composites’ cost

share of the labor supplied by households of type h and the good from firm j. Notice that

> hew Qin = 1 and Z]‘e/wij =1.

From here, I can define the revenue-based upstream centrality matrices Q, = diag (1) Q, and
Q, = diag (u )ﬁx Since p; € (0,1] Vi € A, ﬁg = €, and ﬁ >= (., where »= stands for

__ OlogS; __ whézh z — OlogS; __ DPj%ij
clementwise greater than or equal to. Its elements Qf), = 5 Toowr = g and (O = 3 logp, = 5

capture respectively the elasticities of firm ¢’s sales to wy, and p;, and in equilibrium they equal
the sales share of payments for labor supplied by workers of type h and goods from firm j.
Additionally, 7, = M portrays the equilibrium sales share of firm ¢’s proﬁts rebated back
to households of type h The fact that Y, ., Q% + > e U5+ e SU, = 1 indicate that

all revenue generated by firm ¢ ends as payments for labor, 1ntermed1ate mputs, or dividends.

Finally, for households, the consumption network 8 = (B, --,fBy) contains the vectors
Bn = (But, -+, Bun). Tts element B, = %@iﬁf = piEC;’” captures the expenditure elasticity

for households of type h to p;, and in equilibrium they equal the expenditure share on the good

10



supplied by firm ¢. For this reason ), , B = 1.

3.2.2 Network Adjusted Centralities

The firm-to-firm downstream centrality matrix or cost-based Leontief inverse matrix is given
~ ~ N1 - ~

by ¥, = (I — Qx> = Z;io Qd. Its element ¢]; captures the centrality of intermediate inputs

supplied by firm j on the costs of firm 7. Similarly, I define the firm-to-firm upstream centrality

. .. . -1 .
matrix or revenue-based Leontief inverse matrix W, = (I — Q,) = Z;io Q4. where its element
T
ij
reaches sales of firm j.

represents the revenue share from firm ¢ that through the payment of intermediate input

The firm-to-consumer downstream centrality matrix is given by PB = 15} \fo Its element 4@7;“- =
> jen Bhj Jﬁ captures all direct or indirect paths through which the costs of firm ¢ can reach the
expenditure for households of type h. The cost-based sales Domar weight \; = Zhe w0 Xh PBhi
stands for the average firm-to-consumer centrality from sector ¢, where x;, = Ej,/GDP repre-
sents the expenditure share for households of type h. Likewise, I define the consumer-to-firm
upstream centrality matrix 4 = JV¥,, where its element %, = > jen B; j; represents the
share of expenditure from households of type h that through the payment chain reaches the
revenue of firm ¢. The revenue-based sales Domar weight \; = Zhe v Xh Bri = Si/GDP
stands for the average consumer-to-firm centrality towards sector ¢, and in equilibrium it coin-
cides with the ratio of sales to GDP. These definitions generalize the supplier centrality vector
from Baqaee (2018), or the influence vector from Acemoglu et al. (2012), to an environment

with heterogeneous households and distortions.

The worker-to-firm downstream centrality matrix is given by U, = U, Q. Given that Y ohew {/;fh =
1, all costs for a firm can be traced back through the production network to some original labor
cost. As a consequence, th is the value-added share by workers of type h on the production
process of firm ¢. In the same way, I define the firm-to-worker upstream centrality matrix
v, = VU, Q,, where the element wfh represents the revenue share from firm ¢ that reaches labor

income for workers of type h.

The worker-to-consumer downstream centrality matrix is given by ¢ = 6] \T/g. Given that
Zbe > ‘5?;;1, = 1, its element ‘62;;1, represents the value-added share for households of type h
attributed to workers of type b. The cost-based factor Domar weight Kh = pew Xb ‘%h stands
for the average worker-to-consumer centrality from workers of type h. Consequently, Ay, is the
share of aggregate value-added by their labor. All the costs from this economy originate in
labor costs, and for this reason, >, , Kh = 1. Similarly, the consumer-to-worker upstream
centrality matrix is given by 4 = 3 V,, where its element %, portrays the share of consumption
expenditure from households of type h that reaches labor income for workers of type . The

revenue-based factor Domar weight A, = Zbe 2w Xo G, = Jn/GDP stands for the average

11



Table 2: Network Adjusted Centralities

Matrix Definition in Equilibrium Properties
Downstream (ir Cost-Based Centralities
v, = (I B ﬁx) - Centraliéf ofﬁ??rjgljgrgsts of i
B=pY. Centedity of 1 1, the come of &

\Tle - \ij Qé Value-added gégre 7vll[})())/r]fieirr_ltz_‘;ljzrlr)nroduction of i hez% th =1
= B v Value—addecclg Zilarzjﬁ)?ebﬁiflo;ilnéggi;ption of h bezj:f G =1
A= X Share of aggi\égaggsszizz;idg%n g}:aq’é}e;g:ies through ¢ ZGZ_A/ “ A=l
A= X Share of a;\greg;iztfeﬁieec{;ggoeg Zilfrated by h h;g An=1

Upstream or Revenue-Based Centralities
Vo= (1) Share cff Sﬁ:;na‘forf;cﬁes s,

B=pia Shate of Bt renchos

Vo= Vo0 Shocto By o e =X v
=8V, St of B that reaches =L
A= X agresate saln share §/CDP Izl
A=%'x Labor tmeome shase Jy/CDP [=2 A<t

X = (2 +90) A Consumpt?gn ei?jgjizfgg ssﬁ;l:s Xn/GDP hgf Xn=1
Other Definitions
0 = diag (A)_l A Meas(lsﬁ"e f((i)il("S t}?g\féol?n(cieer/;alﬁiyis Ly On = Kh/ A

M=% Average distorton contraity e by 5, Mi= 5 G

=¥, Average (f;;to::;:)?ZZni]rﬁZTiZ:: ?gced by S; = hg;f wfh On

consumer-to-worker centrality towards workers of type h. In equilibrium, Aj coincides with the
ratio of labor income to GDP.

12



Cost-based centralities are greater than or equal to revenue-based centralities, i.e., ‘Ifx =V,
P = A, U, = vy, 2 =, Py = A, and A = A. For this reason, for workers of type h,
Op = ./~Xh /Ap > 11is a measure of distortion centrality that captures how undervalued a worker
is in the market. When workers supply their labor to sectors that operate in heavily distorted
supply chains, their distortion centrality will be high, and a higher share of their value-added
will reach households’ income via rebated distortions. For this reason, M, = Zbeyf Ghp Op
and F; = Y, Y& 0y capture the average distortion centrality faced by the consumption
expenditure from households of type h and the revenue from firms in sector . For M} and F;
to be relatively high, it is necessary that the consumer-to-worker {4}, and the firm-to-
worker { v hest centralities are high, and this requires that the demand for goods and inputs
is relatively undistorted. For this reason, M), and F; will be respectively called expenditure

efficiency and revenue efficiency.

Additionally, for households of type h and firm ¢, I will respectively use 4, = >, ,, €r and
Y = Y ohew Yl to capture their payment centrality, i.e., the share of their expenditure that
reaches households’ income via labor income. Notice that the cost-based equivalent for %
and 1! are equal to one, which implies that these measures will shrink as the influence from

distortions rises.

Finally, in equilibrium, the expenditure shares are connected to the revenue-based Domar

weights via the following relationship x, = Ap 4+ .., QF, Ai, and by definition ), . x» = 1.

3.3 Gross Domestic Product and Gross National Income

Nominal GDP for country r € #Z equals the revenue from domestic firms minus their interme-

diate input costs

GDP, = (1 -y Q@) Si= ) (1= mw)sS; (9)

i€ jenN =

This definition coincides with the total value-added extracted by domestic firms, i.e., total labor

costs and dividends

GDP, = (Z wp, L, + (1 —ui)si> :

€M \heH

Gross National Income (GNI) is equal to the consumption expenditure from domestic house-
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holds

GNI, = Z E),.

he st

The redistribution of labor income and dividend income across countries generates country-
level differences between GD P, and GNI,. Without distortions, due to balance trade, GDP, =
GNI,. These differences cancel out at the global level, and the following relationship holds

GDP = GNI = Z E),.
hest

The share of country r’s GDP in the global economy is given by ®. = GDP,/GDP.

3.4 Value Added Extraction

The direct expenditure intensity from consumers A on final goods produced by country r is
given by By, = Zie e Bri. The direct expenditure intensity from firm ¢ on intermediate inputs

from country r is given by €, = Zje/n Q.

The net network adjusted exposure of firm ¢ to firms in sector j is given by

CACEDS (Qfm - ng) Ury = (L= ) > Q.

meN meN

When firms in sector ¢ operate competitively {/;Z ( = 0. However, firm ¢ can charge a

0-0)
surplus over its intermediate input costs when it faces distortions. Each of the m intermediate
input suppliers for firm ¢ has an indirect cost exposure to firm j equal QZ%] The intensity of

T

2., and firm 7 charges a 1 — p; surplus over

the direct cost exposure from firm 7 to sector m is Q

these costs.

For this reason,

vy . i )\,L T . Aj >\z O T
Ajzll{JEa/Vr}ajﬂLZ(}T%j(ﬁ,Q):ﬂ{je‘/Vr}c}TJJrz(l_m)c}TZQ“” mj
Toesm T T e " men
(10)

represents the share of value added in country r that can be traced back to the production
from firms in sector j. Value added produced in sector j can be extracted by country r in two
ways. First, by producing the goods domestically. Second, using intermediate inputs to produce
domestic goods and charging a surplus distributed via dividends. For the global economy (G),
it is the case that )\ZG =\

14



Country r’s network multiplier is given by & = >, )\: Without domestic intermediate input
consumption &, = 1. Without distortions but with some degree of domestic intermediate input

. e A
consumption &, = ng@{; Ty > 0. In general &, > 1.

Similarly, the net network adjusted exposure of firm i to workers of type h is given by

Vi (aoa) = 2 (9 —95) & = (1 =) 3 05 .

jeN JEN

When firms in sector ¢ operate competitively ij ( = 0. However, firm ¢ can charge a

Q-Q)
surplus over its intermediate input costs when it faces distortions. Each of the j intermediate
input suppliers for firm ¢ has an indirect cost exposure to workers of type h equal th The
intensity of the direct cost exposure from firm ¢ to sector m is Q¢ and firm i charges a 1 —

m?

surplus over these costs.

For this reason,

=X (W Fan) - T (B T®E)
i i€y jen

represents the share of value added in country r that can be traced back to the labor supply

from workers of type h. Value added generated by workers of type h can be extracted by

country r in two ways. First, by hiring them directly and producing goods. Second, procuring

intermediate inputs that directly or indirectly require labor from h, using them to produce

domestic goods, and charging a surplus distributed via dividends. Notice that {/"\Z}he% char-

acterizes a distribution for sources of value-added for country r because >, . A7 = 1. For the

global economy, it is the case that AS = Ap,.

For workers of type h, ¢, = A}; /Ay, represents the distortion centrality conditional on the value-
added distribution for country r. From the perspective of country r, a worker is overvalued
when 0 < 67 < 1. My =3, ,, G0, and F| = >, _ ¢, 65 capture the average distortion
centrality faced by the consumption expenditure from household of type h and the revenue
from firms in sector 7 conditional on the value-added distribution for country r. M; and F;

will be respectively called expenditure efficiency on country r revenue efficiency on country r.

4 Open Economy Accounting

In this section, I derive the nonparametric ex-post sufficient statistics necessary to characterize

the first-order variations in prices, labor wedges, labor income shares, and country-level TFP.
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Table 3: Definitions Specific to Country r

Concept Definition Properties
Gross domestic product GDP, = Ziee/yr (1 — g w¥) N GDP =3, .,GDP,
Gross national income GNI, = Zhe%« E, GNI = Zre«%’ GNI,

GDP share o, = % Yo ®r=1
E?ii%fgg;f:f::zﬁy Bhir = Zie% Bhi > orea Bppr =1
Ezxpenditure intensity Q) = Zjei/t/,ﬂ QZE] e Uy = i

from firm i

Net network adjusted exposure {/;x ~ -3 (Qx _Qe ) e
of firm i to firms in sector j ij (2-9) meA\Thim ) rm

Share of value added that 5 : Aj i T
Ne=1{j €M} + D icn 5V =
can be traced back to sector j J b } o ZZE‘M o ¢U (0-0)

Network multiplier &= iey N & >1

Net network adjusted exposure {/;g - -3, (Qw B Qz> i
of firm i to workers of type h ih (Q-Q) gen \"tij i) Tk

Share of value added that 'O N (e e ol
can be traced back to h A =2l 5 (Snt Vi, (2-Q) Lneor i =1
Distortion centrality for h & = Ai;
Ezxpenditure efficiency for h My =3 enr € oy,
Ezxpenditure efficiency for 1 Fl =3 1ew ¢fh oy,

I call these measures ex-post because they assume that the necessary variations are observable
and do not depend on underlying model primitives. First, I present the price variation in
response to exogenous shocks and show that these effects propagate downstream through the
cost of intermediate and final goods. Second, I characterize the first-order variation for the
decentralized labor wedges and the labor income distribution. Third, I decompose the first-
order variation for country-level TFP and establish a connection with the decentralized labor
wedges that allow me to decompose the country-specific and distributional effects from the
endogenous reallocation of labor across firms into variations of (i) exogenous distortions, (ii)
endogenous variations in the expenditure distribution keeping the demand structure fixed, and
(iii) endogenous recomposition in the demand structure from firms and households in response

to relative price variations while keeping the expenditure distribution fixed.
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4.1 Price Variation

Proposition 2 captures the network-adjusted response of prices to supply shocks. These shocks
propagate downstream through the costs of intermediate inputs and final goods, and the cost-

based firm-to-firm and firm-to-consumer centrality measures capture their magnitude.

Proposition 2. The change in sector ¢’s prices, household h’s price index, and country r’s GDP

deflator in response to productivity, markdown, and factor cost shocks are, to a first-order,

dlogp; = — Z @Zf] dlog A; pj + Z th dlogwp,
jens het

dlogp;, = = B dlog i i+ G dlogw,
€N be A

dlogpy, = — Z )\: dlog A; p; + Z A’;L dlogwy,
ieN heAt

where dlog A; = dlog A; +w! dlog AL +w? dlog A7+, QL dlogAfh—i—Zje/V (NZZ dlog Aj;.

First, firm ¢’s compound measure of productivity dlog A; incorporates Hicks-neutral, labor-
specific, and input-specific augmenting productivity shocks, and its effect on prices across all
firms and households is isomorphic to an increase in the markdown for firm . Second, labor
costs have a direct effect on the labor bundle price that propagates through the supply of
intermediate inputs to other firms and finally reaches consumption bundle prices. Third, the
GDP deflator for country r depends negatively on productivity and markdown shocks and
positively on wages. The elasticities from these shocks on the GDP deflator are equal to the

country-specific shares of value added from a sector or worker.

4.2 Labor Wedges and the Income Distribution

Theorem 1 portrays the equilibrium characterization of the households’ labor supply and the
endogenous variation of the labor income distribution. This theorem represents an extension of
the decentralized labor wedge decompositions from Rojas-Bernal (2023) to an open economy
environment. For workers of type h, the labor wedge I';, gauges how the whole set of economic

distortions influences their labor supply decision.

Theorem 1. In equilibrium, the labor supply from households of type h satisfies

UL, Ch . Ay
+I'y— =0 with Iy =—.
Ue, "Ln " Xh

(12)

The change of Aj, in response to variations in the consumption distribution and consumer-to-
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worker centralities is, to a first-order,

Distributive Income
Incomey, Centrality,,
la ~N 7~ (13)
dAp = E Con d Xp+ E Xb d G,

bet be’
Final Demand Intermediate Demand Labor Demand Competitive
Recomposition;, Recomposition,, Recomposition,, Incomey,

14 14 T 14 14
Centralitu, E Vin E Xb d B + 5 Vi g g Aj d S+ E i A d Sy + E Yip Ni dlog ;.
CTalitYy ey be A eV jeN eV ieN
(14)

The decentralized labor wedge I'j, from equation (12) relates the marginal rate of substitution
between consumption and the labor supply with the household’s average labor rate of transfor-
mation on consumption C}/Ly. In equilibrium, the decentralized labor wedge equals the share
of labor income to consumption expenditure, i.e., J,/FEj. For an economy without distortions,

labor compensation is the only source of income and I', = 1.

Equation (13) divides the first-order variation of the labor income share into changes in the
consumption distribution and changes in the consumer-to-worker centralities. First, distributive
income captures how the revenue share for workers of type h increases as the expenditure share
grows for households whose expenditure has a relatively high upstream centrality on their
labor income. For example, A; will increase in response to an endogenous redistribution of
expenditure from type ¢ to type b households if 63, > 6. Second, income centrality portrays
how the revenue share for workers of type h increases as the consumer-to-worker centralities on

their labor income rise.

The income centrality variation collects four different effects. The final and intermediate de-
mand recomposition characterize the effects of households’” and firms’ expenditure reallocation.
These two channels convey that the labor revenue share for workers of type h will increase as
the households’ consumption patterns or the firms’ cost structure shifts towards sectors with a
high firm-to-worker centrality on their labor income. For example, A}, rises in response to a cost
reallocation from sector j to sector i, by any firm or household, if 9f, > @bfh The labor demand
recomposition portrays the influence on the labor income share from higher labor demand; the
magnitude of this effect is more prominent for big and relatively undistorted sectors. Finally,
the competitive income tells us that lower profit margins in a sector will increase the labor
income share for workers of type h in a magnitude proportional to the sector’s size and the

sector’s centrality on the labor income of these workers.
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4.3 Open Economy Decompositions

Theorem 2 characterizes aggregate country-level output Y in equilibrium and its first-order

variation around the equilibrium.

Theorem 2. In equilibrium, country-level real GDP satisfies
Y, =TFP. F ({Zn}er) - (15)

where T'F' P, captures country r’s total factor productivity and F,. satisfies dlog F,./dlog Ly, =
Ar.

The change in Y, and T'F'P, are, to a first-order

dlogY, = dlogTFP,+ Y K; dlog Ly, (16)
het
dlogTF P, = Technology, + Competitiveness, — Misallocation,., (17)

where

Technology, = Z )\: dlog A;, Competitiveness, = Z )\: dlog p;,
ieN ieN

Misallocation has the following four equivalent definitions

Entropic TT, Distributive TT, Centrality TT,
/_/% - % ~ Is - ~N
T T T
1. g o, dAp, —dlog P, 2. g My dxn + E Xh E 0y A6y —dlog P,

he he hest beH
Final Demand T'T, Intermediate Demand TTy
300N Midva+ > Y F dBu+ > S Fy A,

het heAt eN eN jeN

Labor Demand T'T, Competitive TT,.
~é 7 N
+ E i A E o dSd;, + E N F dlog p; —dlog ®,,
iEeN heA iEN

and the variation for the GDP share is given by

d®, = Burdxn+ Y QU dr— > [ D Q| dxn

hewt g e \j¢g M (18)
O Xnd Bt DA A = N YA
het it i€t jgM

From equation (15), country r’s real GDP in equilibrium is the product of TF P, and a CRS
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function F, that aggregates labor with elasticities equal to the country-level value-added weights
Ar.

Equation (16) segments the output response into a TFP and a factoral component. Equation
(17) divides the first-order variation of TFP into three components. First, technology, cap-
tures the direct effect of changes in productivity under a fixed allocation of resources. Second,
competitiveness, portrays the reallocation effects from distortions in the absence of distribu-
tional variations on GDP shares and the labor income distribution. These two components tell
us that in the absence of distributional reallocation, the effects on TFP of productivity and
markdown changes in sector ¢ are proportional to )\: Third, musallocation, represents the en-
dogenous distributional losses in response to global GDP participation and income distribution

changes.

Theorem 2 also contains three equivalent definitions for the misallocation, component, and each
one gives us a different intuition about the effects on TF' P, from distributional changes. All
three definitions capture the idea that the global allocation is more favorable to country r as
their share of global GDP increases or when the new allocation of workers and intermediate

inputs is more favorable for their production.

In the first definition, the entropic terms of trade, capture a reduction in the statistical distance
between country 7’s value added distribution A" = {A’;L}he%ﬂ and the global labor income
distribution A = {Ay}, ,-*> From the perspective of country r, worker b is relatively overvalued
compared to worker h when ¢; > d;. The new allocation is more favorable for country r as
labor income shifts from type h to type b workers and d; > ¢d;. This effect portrays how more
essential workers for domestic production are becoming relatively more affordable, allowing
them to reallocate in response to higher labor demand from firms in supply chains relevant to

the country 7.

The last two definitions require the labor income share variations from Theorem 1. The second
definition splits misallocation, into variations in the consumption distribution and consumer-to-
worker centralities. First, the distributive terms of trade, imply that labor misallocation worsens
as expenditure shifts towards households with high country r expenditure efficiency. Consumers
of type h have a high country r ezpenditure efficiency M; when the dot product of their vector of
consumer-to-worker centralities €, = (€h1, - - - ,‘KhH)/ and the vector of country r’s distortion
centralities 0" = (&7,...,68%) is high. High consumer-to-worker centralities imply that the

consumption bundle from a household relies heavily on goods produced by relatively undistorted

3Entropic TT, = —dX (A’”,A) where dX (A’”,A) stands for the first-order variation in response to
changes in the distribution A for the Kullback-Leibler divergence or relative entropy measure K (A”,A) =

Y ohew A% log (Ah/AZ) A more detailed explanation for how K (a,b) is a measure for the statistical distance
between the distributions @ and b can be found in Rojas-Bernal (2023).
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supply chains. Hence, a high A} implies that households of type h demand goods produced
by firms within efficient supply chains that rely heavily on workers essential for the country
r’s domestic production. Misallocation, increases with x;, when M} is high because aggregate
expenditure flows towards efficient firms that demand labor from workers that are essential
for country r, reallocating workers away from sectors that are important for the domestic
production of country r. The vector of country r’s ezpenditure efficiencies M" = (M7, ..., MIT{)/
is a sufficient statistic for the effect of expenditure distributional variations on TFP,. For
example, TF' P, will improve in response to an endogenous redistribution of expenditure from
type h to type b households if M; > M. Second, the centrality terms of trade, indicate that
misallocation worsens as the consumer-to-worker centralities from a household increase, and the
magnitude of this effect is more prominent when it takes place on workers with high country r
distortion centralities. Workers of type h have a high country r distortion centrality J; when

the labor income they receive is low compared to the value-added they provide for country r.

The last definition separates the centrality terms of trade, into four different effects that cap-
ture endogenous demand recomposition. The final demand terms of trade, and intermediate
demand terms of trade, represent how misallocation worsens with an increase in the demand
for goods produced by firms with high country r revenue efficiency. Firms in sector ¢ have a
high country r revenue efficiency F] when the dot product of their firm-to-worker centralities
( P H)/ and the vector of country r distortion centralities 6" is high. High firm-to-worker
centralities imply that the firm faces high markdowns or the intermediate input bundle relies
heavily on goods produced by relatively undistorted supply chains. Hence, a high F implies
that firms of type ¢ produce within relatively efficient supply chains and require, directly or
indirectly, on workers essential for the country r’s domestic production. The labor demand
terms of trade, portray how misallocation increases as the demand for high country r distor-
tion centrality workers from big and relatively undistorted sectors rises. Finally, the competitive
terms of trade, capture the effects on T'F'P, from the reallocation of workers in response to
variations in labor demand driven by markdowns. The vector of country r’s revenue efficiencies
Fr = (FJ,...,F%) is a sufficient statistic for the effect of final demand, intermediate demand,
and markdown variations on T F'P,. For example, assume a markdown reduction in sector @
of 1% such that the country-level GDP distribution, expenditure distribution, and the final,
intermediate, and labor demand terms of trade are inelastic. In response to this shock, distri-
butional misallocation, will fall by A; F], and total TF P, will increase by \; F] — )\: Hence,
under these assumptions, a reduction in the markdown from sector ¢ improves the country-level

efficiency wedge when FI' > A7'/\;.

Equation (18) characterizes the variation for the country r’s global GDP share. First, the GDP
share for country r increases as expenditure shifts towards households or foreign firms with a
high expenditure intensity on domestic goods. For example, @, increases as expenditure shifts

from type b to type h consumers if 3y, > By,, or as sales shift from foreign sector i to foreign

21



sector j if Q"f‘r > Qj'ﬁlv"‘ Second, the GDP share for country r falls as the sales share for domestic
firms rises, and this effect is proportional to the intermediate input expenditure on foreign
inputs. For example, @, falls by > e Qf; as the global sales share for the domestic sector
¢ rises. Third, ®, increases with the share of expenditure on domestic goods from households

and foreign firms. Finally, the ®, falls with the domestic firm intensity on foreign inputs.

Corollary 1. dlogTF P, around the efficient equilibrium. In the absence of distortions

Technology,. Competitiveness,.
dlogTFP, = Zadlogﬂi + Zadlog i — ZC}T Zﬁih dlog u;
iet " ict " ieV " hedty

— Misallocation,

+ (}% > dAL =Y 6 dAy.
he ;. hest

Corollary 1 characterizes the local variation for country-level TFP around the undistorted
global allocation, i.e., 4 = 1. First, the value-added a country captures depends exclusively
on the value-added domestic firms produce. Hence &, /\: = 1{i € A} A\;. This result implies
that only domestic firms’ productivity shocks directly influence country-level TEFP. Second,
markdown shocks in domestic and foreign firms can directly affect the country-level efficiency
wedge. Competitiveness, falls in response to a 1% markdown reduction for the domestic sector
1, and its elasticity equals —qA)—i (1 — D he 7 mih). On the one hand, lower input demand from
domestic firms reduces TFP and allows firms to create a profit margin. On the other hand, a
fraction ), ki of the additional profits are distributed to domestic households, increasing
GNI,. Competitiveness, increases in response to a 1% markdown reduction for the foreign
sector 7, and its elasticity equals é\%r Y ohe s Kin- This positive effect captures the GN I, increase
from additional profits distributed to domestic households. Finally, an increase in the labor

income share of one unit for a domestic worker has an effect on Misallocation, equal to 8} — 3.
™

This effect is positive as long as AZ > %’:, which implies that the new allocation makes country
r worse-off as long as the value-added captured by country r is large enough. Consequently,
TF P, can improve in response to an increase in the labor income share for a domestic household
as long as their production has a small value-added effect on domestic production. In other
words, making more expensive domestic factors is good for a country if those factors produce
value-added for foreign economies. An increase in the labor income share of one unit for a

foreign worker increases misallocation by d;.

Corollary 2. Open economy Hulten’s theorem. In the absence of distortions, with

country-specific labor markets, and with full equity home bias

dlogTFP, =) gdzog A;.

et "
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Corollary 2 characterizes the local variation for country-level TFP around the undistorted
global allocation when factor markets are domestic and there is full equity home bias. This is
a Hulten (1978) theorem type of result for an open economy that characterizes the country-
specific envelope condition for the efficiency wedge. A symmetric domestic productivity shock

of 1% has an effect on the country-level efficiency wedge equal to the network multiplier &,

Zie% Ai > 1.

dlogTFPr :fr = m -
€M 1

The difference between Corollary 2 and Hulten’s (1978) is that in the latter, the system of
equations for the Domar weights depends exclusively on domestic demand because the economy
is closed, i.e., \i = >, BriXn+ D jcn, Ui N Vi € Ny X =D ic s, (Q, + Q7)) \; Vh € 2,
and & =) i A

Theorem 3 reports the decomposition for global TFP and its relationship with country-level

TEP.

Theorem 3. In equilibrium, real GDP satisfies
Y=TFPF ({Lh}he%) , (19)

where TFP captures global total factor productivity and F' satisfies dlog F'/dlog L), = Ay,

The change in Y and TFP are, to a first-order

dlogY =dlogTFP + Y Nydlog Ly,
heH

dlogTFP = Technology + Competitiveness — Misallocation,

where

Technology = Z Xz dlog A;, Competitiveness = Z XZ dlog p;,
ieN ieN

and Misallocation has the following three equivalent definitions

Entropic TT Distributive TT Centrality TT
e — % ~ ~ 7\ N
1. E 6h dAh, 2. E Mh dXh + E Xh E (Sb d%hby
hest hest hest be
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Final Demand TT Intermediate Demand TT
N\ o\

3. ZM" dXn +rZXh ZFz dﬁh;‘i‘,zlui Ai Z‘FJ dﬁi

her het — ieN ien jen
Labor Demand TT Competitive TT
Né\ 7 Y
+§ [ A E 5thih+§ Ai Fidlog p; .
eN hest ieN

The relationship between TFP and TF P, is given by

dlogTFP =Y &, dlogTFP,. (20)

reEZ

These results coincide with the decomposition for real GDP in Rojas-Bernal (2023), and the
interpretation from these equations is in that paper. Equation (20) is novel and shows that
country-level TFP is a segmentation of global TFP. Hence, country level misallocation, captures
a decomposition of global distributional misallocation. Reductions in misallocation, represent
distributional gains that are favorable to country r, and these gains are not necessarily driven
by higher variations in global misallocation. For example, from Hulten (1978), we know that
around the efficient equilibrium, the effect from productivity shocks on global TFP is given by
dlogTFP = X dlog A and misallocation = 0. However, there is still space for redistributive

effects on country-level TFP, i.e., misallocation, # 0.

5 Difference with Baqaee & Farhi (2023)

Baqaee & Farhi (2023) introduce a country-level TFP decomposition for a general production
network open economy with distortions, where domestic firms exclusively use domestic factors
from a country, and where profits generated by domestic firms are transfered exclusively to
domestic households. The notation and proofs from Baqaee & Farhi (2023) rely on different
statistics and assumptions. Section 3 in the Online Appendix proves the equivalence between
the decomposition from Baqaee & Farhi (2023) and Theorem 2 once the country-specific factoral
market segementation constraint is imposed. In other words, the decompositions from Baqaee
& Farhi (2023) are a specific case from the results introduced in Section 4. In this section, I
present the decomposition from Baqaee & Farhi (2023) and establish how their decomposition

is a limiting case from Theorem 2.

Let me start by defining the net quantity of good i € 4" produced by country r € Z

qri =yl {i € M} — Z Tji = S -
JEN - Zje./i/,« T ji if ¢ ¢ ,/VT
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From here, the share of good ¢,; in the final output of country r is given by

QYM' _ Pidri .

This allows them to characterize the changes for the GDP deflator and real GDP for country

T as

ﬁYT = Z QYT@' ﬁz and S;;’ = Z QYTi Z]\m
ie N ieN

The first-order variation for domestic prices is given by
~ 5o\ (e L OMoA >~

where @f’ is the N, x N, domestic cost-based input-output matrix, ﬁi\/[’ is the N, x (N — N,)
imported cost-based input-output matrix, ﬁz is the N, x H domestic cost-based factor matrix,
Pic.y;. is a vector of dimension N, that captures the variation for domestic prices, and pig 4, is
a vector of dimension N — N, that captures the variation for foreign prices. Notice that QxD’“
and Qf,‘ff are coming from a reorganization of the rows in (), that characterize the intermediate
input demand for firms that operate in country r, and (NZ}Z is composed of the rows in (NZg that

characterize the primary factor demand for firms that operate in country r.

Additionally let me introduce the following definitions used by Baqaee & Farhi (2023).

- -1
1. 47 represents the ij element of matrix (I N, — er)

2. For sector j, XYTJ‘ = Ziem QYMZZ’T-
3. For factor h € 72, KYTh = Ziem Qv de// @DITQZ

4. For foreign sector i & A, Kyri = ZmEJV Qy.m Z]ew w“ Q.

mg*ji*

Theorem 4. Baqgaee & Farhi (2023). Under the segmentation of factoral markets and

rebated income by country, the change in T F'P, is, to a first-order

TFP, = 37 vy (A1) = 3 Rt 30 (R = Avae) (3= Rs) .

JEN: he ;. i¢ N

with Ay,; = — 24 for i ¢ ;.

GDP,

Theorem 4 is a particular case of Theorem 2 with no reallocation of labor across countries and
with full equity home bias. However, the differences go beyond the country-level segmentation

of factoral and equity markets. First, equation 17 characterizes the effect of productivity and
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markdown shocks from all firms. In contrast, equation equation 21 only captures the effect
from domestic firms. The effect from foreign firms takes place through the last component of
the equation, which captures the real variation of the net quantity of imported goods. Second,
for equation equation 17 it is not necessary to capture any variation for the real allocation
of goods between countries, while in equation equation 21 it is necessary to observe the net
quantity of goods imported and their variation. This last restriction is empirically relevant, as
many input-output databases do not have a sectoral prices index that allows the identification

of real quantities, e.g., the Bureau of Economics Analysis input-output network.

6 Quantitative Illustration

In this section, I study one particular quantitative application of my decompositions: the open-
economy Hulten’s theorem as an approximation for country-level TFP. Without distortions,
the model from Section 2 requires measures for three types of money flows: (1) firm-to-firm in
the supply of intermediate inputs, (2) firm-to-workers in the supply of labor, and (3) consumer-
to-firm in the supply of final goods. I calibrate the model to the long-run world input-output
database (Woltjer et al., 2021) and the Penn World tables (Feenstra et al., 2015). I examine
the model’s country-level efficiency wedge implications. The objective is to evaluate if the open

economy Hulten’s theorem from Corollary 2 is a good measure for country-level TFP dynamics.

6.1 Data and Calibration

The long-run world input-output database covers the period 1965 to 2000. It provides a detailed
input-output matrix for 23 sectors in 25 countries and the rest of the world. On the production
side, it captures two dimensions of heterogeneity: (i) sectoral heterogeneity in the demand
for intermediate inputs across all sectors in the global economy and (ii) sectoral heterogeneity
in the demand for primary factors. Additionally, for each country, there are measures of the
final expenditure intensity across sectors. Hence, under the assumptions of a country-level
representative household, a single country-specific factor (labor), and complete equity home
bias, household heterogeneity has three dimensions: (i) heterogeneity in the sources of factoral
income, (ii) heterogeneity in the sources of rebated profits, and (iii) heterogeneity in their

consumption expenditure intensity.

One feature of the long-run world input-output database is that there is no decomposition of
the value-added extracted by a sector. Hence, by imposing the assumption of no distortions,
extracted value added corresponds to factoral income, and there are no profits on equilibrium.

These assumptions allow me to calibrate the for all years ¢ from 1965 to 2000 the following
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parameters for all households h € Z and for all sectors i € ;.

’ Value Added; , - Intermediate Costs; ;
W = s W =
gk Total Costs; ; gk Total Costs;;

- Sales from j to 4

ij.t

Qiry = 1, = - ,
ot Intermediate Cost,;

Total Cost;; = Value Added;; + Intermediate Cost;, Value Added; = Labor Costs; ,

Sales from j to
GDP,,; ’

Sales; ; = Total Cost; ¢, Brit = GDP,, = Z Value Added, ;.

i€ Ny

The world input-output database also provides a price index p;; for the goods from each sector.
Using this index and nominal flows, one can estimate real quantities. I obtain a country-level
yearly estimate of labor force participation L,; from the Penn World tables. This measure

allows me to estimate a country-level yearly wage w,;, = GDP,,/L,,.

6.2 Sectoral Solow Residuals

The assumption of no distortions allows me to use the sectoral Solow (1957) residual decom-
position for an input-output economy introduced by Caves et al. (1982) and Jorgenson et al.
(1987). This decomposition has been more recently implemented by Fadinger et al. (2022) and
McNerney et al. (2022). This decomposition assumes that the global economy is at an efficient
equilibrium and markdown variations are null. Productivity shocks for sector ¢ € .4 are given
by

iyt . . Tijit
dlog A;y = _wf,tfl dlog ” — Wit E Wi t—1 dlog ylj )
2,t jen 2t
with dlog % = dlogwf, —dlog % and dlog —xy:: = dlogQ;, — dlog %.

Figures 1 shows the productivity levels for the 23 sectors in China and the United States.
I normalize the 1965 levels of productivity at 100. There has been plenty of heterogeneity
in sectoral productivity shocks for both countries. On the one hand, China’s technology was
mainly driven by productivity shocks in the manufacturing, and electrical and optical equipment
sectors. On the other hand, the US’s technology was primarily driven by shocks in the electrical
and optical equipment and secondarily by productivity shocks in the telecommunication and
retail sectors. I want to highlight the Moore’s Law type of exponential growth for productivity
shocks in the electrical and optical equipment sectors both for China and the US. Furthermore,
consistent technological growth in China only started around the middle of the 80s, which

coincides with the eve of their first wave of globalization.
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6.3 Results
Corollary 2 tells us that

Nit—
dlogTFP,; = Z (ID—H dlog A;;.

e il

I will compare these estimates with a rough measure of country-level TFP estimated using
the the Penn World Tables difference between the growth in real GDP and the labor force

participation, i.e.,

Y,
dlogTFP}, = dlog L—t
rt

Table 4 shows the Pearson correlation coefficients between dlogTF P, and dlogTFP'. The
average correlation coefficient is 0.69. The lowest is Taiwan with 0.21, and the highest is the
US with 0.92. Figures 2, 3, 4, 5, and 6 show dlog TFP,; and dlog T F P}, for the countries in
the sample. Both correlations and graphs allow me to say that Corollary 2 captures a good

empirical representation of the actual country-level TFP growth.

7 Conclusion

This paper develops a general aggregation theory for a production network open economy
with distortions and endogenous labor supply. I provide decompositions for country-level TFP
that explain how international intermediate input markets allow for cross-country spillovers
in productivities, distortions, and labor income distribution variations. The decompositions
allow me to identify the sufficient statistics necessary to measure the first-order variation for
country-level TFP. Among those statistics, I construct new measures that capture, for a specific
country, the value-added contribution that any firm or worker has. From these statistics, I can
identify how countries can capitalize on foreign intermediate inputs to produce domestic goods
that yield surplus profits. Through this mechanism, foreign production and factors foreign firms
use can directly contribute value-added to a country. Without distortion, with country-specific
factor markets, and with complete equity home bias, I identify an open economy Hulten (1978)
theorem type of result that characterizes the first-order variation for a country’s TFP. Using
data from the long-run world input-output database, I show that the latter decomposition

highly correlated with observable and independent measures of country-level TFP.
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Figure 1: Sectoral Solow Residuals
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Note: Sectoral productivity levels for 1965 are normalized at 100.
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Table 4: Pearson Correlation Coefficients between dlogTF P, and dlogTF P}

Country Correlation Country Correlation
Australia 0.79 India 0.73
Austria 0.67 Ireland 0.55
Belgium 0.35 Italy 0.71
Brazil 0.55 Japan 0.95
Canada 0.63 Korea 0.73
China 0.82 Mexico 0.50
Denmark 0.56 Netherlands 0.65
Finland 0.69 Portugal 0.81
France 0.82 Spain 0.81
Germany 0.79 Sweden 0.61
Great Britain 0.65 Taiwan 0.21
Greece 0.88 United States 0.93

Hong Kong 0.74

Note: Pearson correlation coefficient for each country between dlog TF P, and dlog TF P}, between 1966 and
2000.
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Figure 2: dlogTFP, and dlogTFP;
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Figure 3: dlogTFP, and dlogTFP;
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Figure 4: dlogTFP, and dlogTFP;
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Figure 5: dlogTFP, and dlogTFP;
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Figure 6: dlogTFP, and dlogTFP; for the United States
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Online Appendix
1 Calibration

2 Proofs for the nonparametric model

2.1 Firms

2.1.1 Aggregators’ Problem

For every sector i € 4, the perfectly competitive aggregator chooses {yi, (yzz')zie[o,u} to

maximize

T = PilYi — / DYz Az

1

subject to the CES technology y; = (y% d z;)" and taking prices {pi, (pzz*)zie[o,u} as given.

Taking first order conditions I arrive to the usual Dixit & Stiglitz’s (1977) CES demand function

1

Yy, = (&> o i vz €10,1], (22)

pzi

pi—1
Hi

9 I=pi L
from here 8; —(1— ) <yzl) ?%i and p; = (fp;f 1 d%)

2.1.2 Monopolistically Competitive Firms’ problem

Firm z; in sector ¢ € A, chooses {yzi, Pz Wain Y res - {xzij}je/‘/} to maximize

Tz = Pz Yoy — E wh zih z : p] leja

het jen (23)

7pzl LZ, :pzi XZZ‘

subject to (22),
_ _ Aot (L4t _
Yz, = Ai Qi (in’XZ¢))7 L. = A; Q ({Az‘h gzih}hejf> , Xy = A7 QF ({Azm] $Zij}je,/1/) ) (24)
and taking {{wh}heﬁ, {pj}je/} as given.
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Notice that firm z;’s gross revenue derivative with respect to any variable ¢ is given by

Opsye _ (. 0P Y-,
dq P 0y, ) o

=Pz — (L= ) (yZi)“ilp. % = [P 0
i 7 Ui 4 aq i Mz; aq

Firms z;’s optimality conditions are given by

aQZ (LZ“ XZZ) Vi

Hips A —5 7 = D= (25)
0Q; (L, X, -
90 ({44 0.,)
1 L X 7 ib Yz;ib
o, A Q@i e Xe) e ( ”E”> —w,  Yhe 0y, 90, >0 (27
(L..X.) 00Q* ({A% z... .
(2 8XZZ axZ»L] 7 7.

Representing elasticities with e (a,b) = (9a/0b) (b/a) the former first order conditions for firm

z; are also represented by

1 pl L.,
1 pi X,
wi = e(ys, Xp) = — ——, 30
‘ ( ) i Pz Yz ( )
1 0,
€ (Ysy lop) = — 20 yhe (31)
1 Dj X254 .
€(Yzys Tzj) = — ——= VjeN. 32
( i) i Dz Yz, (32)
Combining equations (25) with (27), and (26) with (28)
(Lo, ) = 5y e 33
Qzih = €Lz, Lzih) = >
lh 0 zh pgl Lz,b ( )
Wz =€ (sz xZij) = pg—Xz] \V/j eN (34)
Additionally, combining (31), (32), and using the implicit function theorem
Wy gz-b
e (gz,-ha leb) = —— Vh,b € I, (35)
wp Lz
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Pm Tzym

€ (xzij’ wzzm) - = Dj T

Vi,m e N. (36)

Introducing equations (31)-(32) in the cost function

Cz, (197 P) = pz 2i +pz Lz = Z wh zih + Z Pj Tz

hes# jeN
(37)
= Ui D=2 (Z e (e Lan) + > e (ys,, xm)> :
hes?t jeN

From CRS in Q; (L.,, X.,), Q! ({Amﬁm}he %0) and QF <{A %}Jw)

Z € (yziv gzih) + Z € (yziv sz’j)

het JEN

=e€ (yzz" in) Z € (in7 gzz‘h) +e (yzz'v Xzz‘) Z € (XZi7 xzz'j)
heH JEN

= e(yzia Lzl) + e(yz“ Xz,) = 17

which implies that in (37) ¢, (0, p) = i ps, Y=, and from here I obtain w’ = e(y.,, L.,),

Zi

~ |
R)y and QF = e (y.,, T.,5).

2.2 Households’ Problem

Household h € J# chooses {{Chi},c 4 , Ly} to maximize U, (Cy, Ly) subject to Cy, = Q5 ({Chitic 4 ),
the budget constraint

EthzohzzpichiSthh-i-Hh-i-Th, (38)
eV

ITy, = Z Kih (ﬁi + /71'22, dzZ) , (39)

ieN

and taking as given

{wh, {pz‘, Kihs Ti, (ﬂ_zi)zie[o,l}}ieﬂ }

The first order conditions are given by
Cn — Jh p?u (40)
Ur, = —n wh, (41)
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o0,
Uen g Chi

where J;, stands for the lagrange multiplier for household h’s budget constraint.

:Jhpi Vie N : GC’h/GCm->O (42)

Combining (40) with (41), and (40) with (42), the former first order conditions for household
h can be represented by

w
2 Ue, = —Up,, (43)
Py

Di oCy .

= = Yie NV : 0C,/0C,; > 0. 44

v 00 1/ OCh, (44)

Using the implicit function theorem, equations (43) and (44) can be represented in terms of

elasticities as

Wh Lh
e (Ch, Lp) = , 45
(Ch 1) = 2 (5)
i Chi .
Bri = e (Ch, Cni) = pc " Vie N, (46)
P, Ch
Pm Chm . . .
6(0}”', Chm>+ D C =0 Vz,mEJV. 8Ch/8Chi>O, (47)
i Ohi
_wp Ly , )
e (Chi7 Lh) = VieN: aCh/aC}” > 0. (48)
Pi Chi
2.3 Government
Government from country r € Z operates under the following fiscal constraint
> =0 (49)

2.4 Proof for Proposition 1

2.4.1 Proof of Necessity

First, using equations (22), (28), and (47), I can obtain the first subset of conditions in Propo-

sition 1

0CL/0Ch;  pj (yz)l_‘” Y., .
— W = —= Vi,jeN,VYhe A, Vz €]0,1],
0Cy/0CH i Yz 0T, g o1 (50)

such that 0C),/0Cy; >0, 0C,/0C; >0, and 0y, /0x,; > 0.
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Notice that in this first subset of equilibrium conditions, household A has to consume both from

the sectors ¢ and j, and firms z; also has to demand intermediate inputs from sector j.

Second, using equations (22), (27), and (48), I can obtain

wy U Wy Yi s 0y,
___h:_:m(—) —= VYie N, VYhbe A,
wp Ucy, i Yz O Llep (51)

Vz; €[0,1], suchthat 0C,/0Cy; >0, Up, #0, and 0y, /0., > 0.

Notice that in this second subset of equilibrium conditions, the condition that links the demand
from firm z; for workers of type b and the marginal rate of substitution between the labor supply
from households of type h and their consumption of goods form sector ¢ does not require that
firm z; hires workers of type h. What is necessary for this relationship to exist is that firm z;
hires labor from any worker b, and that household h consumes from sector i. Whenever b # h,

the distributional factor-rate-differential wedge wj/wy, arises.

Finally, the resource constraints

yi:ZC’M#—Z/xzﬂdzj Vie N, and Lh:Z/fzihde Vh € A, (52)

he# JjeEN ieN

and the fiscal constraints from equation (49) are necessary conditions for the equilibrium allo-

cation.

2.4.2 Proof of Sufficiency

Now, I am going to prove that for any exogenous set of distortions and equity distribution

{1t {RinYnesr biey s

there exists a strictly positive price system

{{(pzi)zie[o,l] ) pl}zE/V ’ {wh}he%’} )

that implements a specific allocation for firms

Zi gz- Za ZijJ j ) P ,
{<yl { zh}hesz {:B 1]}36’/1/ 2;€[0,1] y}ieﬂ

and a household allocation

{{Chi}ie/;/7 Ch; Lh}h€jf7
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as an equilibrium.

Let me start by using a normalized price system in which a CRS function defines the global

GDP deflator

Py = Q" ({pi}icy) = L. (53)

Using equation (27), prices for firm z; in sector i € 4, are given by

w 0 -1 0
Pz = — < Yz ) if Jhe 7 Yo > (0 otherwise

~1 _ _ _
, _ﬁ(ay%> (ayzj) 1 H i<&>l—u3 H ( ayzj ) 1 (54)
pi \ Oy 0 L5, jer, Hi \Ys e\ ) 0,541
where A, = { JrJ+ 1 j— 1,3} captures a sequence of sectors for which there is sequence

of firms that establish a connection between the labor supply from households of type h and the
intermediate input demand from firm z;. What I strictly need for this proof is that Vi € .4,
there dh € 77, such that for every firm in sector i, there is some direct or indirect demand
of the factor supplied by a worker of type h, and that for every type of worker h € 7, there

exists a sector ¢ € 4 that satisfies this condition.

As a consequence, prices for sector ¢ € .4 are given by

M

wy, Oy, \Ht
Di 1L (/ {gzzh > O} (8622]1) dzz

s I—p
T Hg 55
ay ay27 y 1_Mj ayz pi—1 ( )
e [ 22 () ] e
axzij afzf.h . Yz, _ axz-j—l—l
J i jEN:; J jeJVZi\{j} 7
From equation (53) wages for households of type h € J#, are given by
—Qr 1 /]l{f > 0} Dy, o d 2
= Mg il aleh “
i 1-p4 -1
Hiil M
0y, N 1wy ..
+/]1{£Zih:0} Yz, 75 H 14 Yi H _9Yy d z;
833zij ol p Yz; - axzjj—f—l
< T jens, je'/’/Zi\{j}
ieM ) reR

(56)

Notice that prices and wages are strictly positive because the marginal productivities of factors
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and intermediate inputs have to be strictly positive when there is some demand.

Now, I need to prove that starting from the set of equilibrium conditions represented in equa-
tions (50), (51), and (52), and under the system of prices represented in equations (55) and

(56), the optimality conditions for firms and households hold.

To obtain equations (47) and (48), assume that firms in sector ¢ directly or indirectly demand
workers of type h, and firms in sector j directly or indirectly demand workers of type b. This
assumption is made without loss of generality as it holds for any combination of pairs ¢, j € A4~
and h,b € 4. Introducing equations (50) and (51) in (55)

1—py
pi=— <_b/” CM) /(y_) 42 = —w,
2% wy - Up, Yz Ur,
p wp G
C=
J ULb

This proofs (48). Dividing these conditions, I arrive to e %, which is (47).

Ucy,

Equation (45) comes from multiplying equation (48) by Cy;, adding up over all sectors, using
the assumption that Q° ({Cy},. ,) is CRS in conjunction with Euler’s homogeneous function

theorem, and the implicit function theorem

0C,
wyUc, Y Chi 70, — UL > piCui,
ieN bi ieN
—_———
=G0y =p; Cp
.. . U . . .
this implies that Z’—é’ = —U—C‘;, which is equation (45).

Equation (46) comes from dividing equation (45) by equation (48)

}ﬁ . 0 Cb
py OCy

Now for firms, I obtain equation (32) from equation (50), using the implicit function theorem,

and introducing equations (22) and (47)

pi 0C,/0Cy p; <£>1_’“ dys,

p; 0Co /00w "oy \um) Oy
~—
=¢&rq
0., 1 p; o 0.,
Ya _ - Pi Vi,j € A, and VziE[O,l]:L>O
02y Wi D 0 X,

Equation (30) comes from adding up equation (32) over all sectors, and using the assumption
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that QF ({Afj J:Zij}je /) is CRS in conjunction with Euler’s homogeneous function theorem

0X-, o 02z e .
=Q7 <{Afj xzz'j}jew> — P
0., 1 p , 0.,
L= — = Vie N d Vz €1[0,1]: = > 0.
aXzi Hi Dz ' o © [ ] a)(z

(3

Equation (31) comes from introducing equations (22) and (48) in equation (51)

iU, o op <y_>1 9y,
:gru
L= — — Vie N, VYheH, d Vz €l[0,1]: ~ > 0.
8621-11 Hi Pz ! o © [ ] agzlh

Equation (29) comes from adding up equations (31) over all households, and using the as-

sumption that Q! ({Afh Coon} he f) is CRS in conjunction with Euler’s homogeneous function

theorem

0 (§pt
0Ys 0 9Q; <{Az‘h gzib}be%”)
pips 2t ALY L = wy Ly
0L, hext 0 Lsin hex .
et
dy,, 1 pt 0y,
IV - 2 Pa ey and zef0,1]: 2% 50

What remains to be proven is is that households’ budget constraints hold. Adding up equation
(38), and introducing equation (39)

S Y hC = Y (thh+ S s (ot [ ma) +Th> |

het ie N hes# ieN

Introducing zero-profit condition on aggregator firms (m; =0 Vi € A7), equations (23) and

(49), and rearranging terms

Z Zpiohi: thLh+ Z Z/fih/ Dz Yzi — Zwb@ib— ijxzij

heH# ieN hes# heH# ieN beA jeN
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Z Zpi Chi = Z wy, Ly, + Z/ (pzi Yz — Z wy Loy — ij %-j) dz; Z Kin

het eV he# ieN best jeN heAH
N——
=1

ozz(/p%yidzi_piZchi_piz/xzﬂdzj)+th L= Y [t

ieN hest JjeEN he# qER €N

=

From zero profits for aggregators p;y; = [ p..y.,, and using equations (52), the households’
budget constraints holds

0= n <yi “Ya-y | xzﬂdzj)f 3w (Lh = Kd) |

e hewt jer hert eV
\ ~~ ~~
=0 =0

2.5 Equilibrium Centralities from Subsection 3.2

2.5.1 Goods Market Equilibrium Conditions

Introducing (30), (32), (34), and (46) in the goods market resource constraint (52) for sector
i€N

Si = Z Di Chi + Z /pz Tzji de = Z 5]”' E;, + Z I /wfj Waji Pzy Yz de.

he# jenN he# jenN

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

S; = Z Bhi En + Z 2555, (57)

he# jen
fi— Oz Or — 0
where QF; = p; Q0 and QF; = w; wy;.

In matrix form, this equation is represented by

S =8 E+Q. diag (1) S, (58)
where S =[S,---, Sy, E=[Ey,---, Eg|', p = [p1,---, pn]’, and the matrices
fun - i Q- Qiy
Bu1 -+ Bun Q- Qn
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Q, = diag (n) Q.

By dividing equation (57) by global nominal GDP, I arrive to the following equation that relates

the revenue-based Domar weights and the absorption shares
(1 = @ diag (1) A = B'x,

A=Ay, (59)

where A = [A1, -, M), x =[x, xal, Ve = (In — Qx)_l, and # = 3 V,. In equilibrium,

A\; captures the share of global expenditure that reaches sector i.

Let me define the cost-based Domar weights

A=A v, (60)

with @Eﬁ{flx = f and \Tfm = (IN —§x>_1.

To understand the cost-based Domar weights, notice that

X = Z Bhi xn + Z ﬁflxy = Z Bri Xn-
hest jeN het
Remember that in equilibrium, (,; represents the expenditure share from households of type
h that is used to acquire goods from sector i, and Qfl captures the cost share in sector j of
intermediate goods supplied by sector i. Hence, ,@hi represent the share of expenditure for
households of type h that can be traced back to the supply of goods from sector i. For this
reason, for a specific consumption expenditure distribution y;, XZ captures the aggregate value-
added share that passes through sector i. Notice that wéx =1/ (IN — Q;) U By =1, and
for this reason w! Xz is the aggregate share of value-added from sector generated by workers in

sector 7.

Finally, I am going to prove that the value-added that passes through a sector is greater than

or equal to its revenue, i.e., that XZ > )\; holds Vi € A4". Let me start with

Bov, =0, = (o).

q=1

Notice that ﬁx - Q, = <?2x — diag (1) 521,) = 0y 0%y, because p; € (0,1] and ﬁfj >0(A>=B

means that matrix A is elementwise greater than or equal than matrix B). Now, from induction,
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for ¢ > 1 assume that Q471 — Q4! = 0, 0y, then
O — 1 = (92 — 1 diag (1) 2, )
(3 — 110, + 017" (D, — diag (1)) )

<§§71 (IN - §x> + Qi (Qw — diag (1) §x>> = O Oly.

Therefore \1}2 = W,. As a consequence B— B — I} (\Tlx - \Ifz) = 0p 0%y because A=)\ =
~ /
<% . %f) X = Oy

2.5.2 Labor Market Equilibrium Conditions

Introducing (29), (31), and (33) in the labor market clearing condition (52) for household
h e A

Jp = wy Ly = Z /wh Cop dz; = Z i /wi Qzih Dz; Yz A25-

eN 1eN

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

Of
I, = Z i $25, Si (61)
ieN

e o_— . 0f Ol = 0.
where €, = ;€2 and ), = w; a;p,.

In matrix form, these equations are represented by

J =, diag (n) S =, S, (62)
where the matrices are given by
Oy - Qi
Q=1+ . , Q= diag (1) Q
Uy -+ Qvp

and J =[Jy, -, Jul.

By dividing equation (61) by global nominal GDP, I arrive at the following equation that relates

the labor income shares and the revenue-based Domar weights
A=Q) A (63)
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where A = [A17 e, AH]/-
I define the cost-based factor Domar weights as

A=QN, (64)

where 1, A = 1/, o diag (we) A = wj X = iy wh =1
Notice that A = A because

A=A=QX— QA

ﬁg = Q holds due to u; € (0,1] and ﬁfh > 0.

The firm-to-worker and worker-to-firm centrality matrices are respectively given by
Wy =W, Q, Wy =W, Q, (65)

where \1}@ 1y = \AI}x ﬁg 1y = Efm Wy = \AI}:E <IN - §~21> 1y = 1y. Additionally \flg = WU, because

{Iv/g -, = <\ix — \Ifx) ﬁg + v, (ﬁg — Qg) .
~UNY N ?ONON

Similarly, the consumer-to-worker and worker-to-consumer centrality matrices are respectively

given by
€ = B, € =B, (66)

where Cg]lH = @@g]lH = B\Exwg = ﬁ\flx (IN—QE) 1y = 1g, Cg’x = QZ@Z’X = Q%X = A ,
Cx=0Bx=Q X =A, and € = € because
%—%:(%—%)Qe+s%<m—m)

#0n0),  FO0m0y

#OHOIN EONOG\,
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2.5.3 Labor Wedges

From equations (30), (34), and (46), and imposing symmetry in the decision of monopolistically

competitive firms within the same sector

7 Bhi Chj

Vh € # and Vi,je N

Tji = Hj Wy Wiii

From equation (52), the goods market resource constraint for goods produced firms in sector 4

in terms of household h’s consumption is given by

Chi T ﬁh'
b= ot 35D mwiwuy;at
be A hi ey hj

In matrix representation, this equation is given by

-1

y = Oy +diag (5" 0 ) o (k) ) Qidiag (5 2 ) ou (W),
y = []N _ diag ((5°—1 o C) on (h)) ' diag ((5°—1 o C) oy (h))l} o 1u,

y = diag (5" 0 C) on (W) I — L) diag (57 o €)' on (h))l 'y,

diag ((50_1 o C)/oH (h))1 y = W diag <(ﬁo_1 o C)IOH (h)) - C' 1y,

where o stands for the Hadamard product, ° for the Hadamard power, and oy (h) for a vector

of zeros with size H that has a one in position h.

Notice from equation (46) that ﬁhi% =p; = 5&%—5, and as a consequence

. Zbe,%” Bhlg_zll
diag ((ﬁofl o C)IOH (h)) C'ly = : =x,'8 x.

C
Zbejf BhN CL};
Then

diag (50 C) o () y =i W, 5/ x. (67

Now, from equations (29), (33), (46), and (48), and imposing symmetry in the decision of

o1



monopolistically competitive firms within the same sector

C
Ue, 1L wf Qin Ui Bhi—h Vhe# and Vie N.
UL, Chi

lin = —

In matrix representation, these conditions are portrayed by

-1

=~ Chdiag (op (1)) diag (5 0 0 on (1) .

Ly

Adding up, the labor market equilibrium from equation (52) in terms of first-order conditions

is given by

_ UCh / . ; o—1 ! !
L, = 0, Cy 1y diag (Q op (h)) diag ((6 © C) on <h)> Yy

N J/

=TIy

Consequently, equilibrium labor supply is characterized by

C, = 0. (68)

Taking equation (67)

Iy, =x;, on (h) €' x
=X Ly diag (g on (h)) ¥, B x
~ —1
) diag (1) (IN — Q diag (u)) B x

= X, Uy diag (ﬁe on (h)
~ ~ —1
= x;, ' Uy diag (Qe on (h)> (diag (W)t = 9;) A x.

Finally, using equations (59) and (63), in the steady state is given by

Iy, = X}jl 1y diag (Qog (h)) V. 3" x = X}jl 1y diag (2 og (h)) A
_ - _ A 70
:XhIZthZ@bjiZBijb:XhlZth/\i:X—:_1. (70)

ieN jeN best iEN

2.5.4 Household Budget Constraint Equilibrium Conditions

Introducing equations (29) and (30) in the profit equation (23)

T = (1= 1) Pey Y- (71)

52



Introducing (29), (31), (33), (52), and (71) in the budget constraint for household h € 7, (38)

Eh - Z / ('ul wi‘ Ozn + Kin (1 - Hl)) Pz Yz, dzz + Th- (72)
€N

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

=3 (1S + o (1= ) S5+ T (73)
€N

In matrix form, these equations are represented by
(= (U + AT, (1)
where T = [Tl, ey TH],, Th = Th/GDP,

kit -+ Kig
Q, = (Iy — diag (p)) K, and K

KN1 -+ KNH

2.5.5 Nominal GDP

To define the nominal GDP for country r € Z, 1 start by aggregating the good market clearing

condition from equation (52) for the subset of sectors .4, that produce in this country:

LIS (zpiom Zpi/xzjidzj> Yy

€N €Ny \hEH jeN 1€N.  hest
:Egom
+ E E piChi + § pi/xz‘jidzj + E E pz‘/%ﬂ‘ dz;.
€M \ h¢ A Jg¢N €N JEN
= Exp,

Now, nominal imports Imp, are given

Imp.= > > ;> Cu+ Y Z%‘Z/%jd%

qEZ\T jENg  heA; qEXR\r jEN  iEN

-~

— E,,[OT
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Then

GDP, = E*™ + EI" + Exp, — Imp,

-y (Si— Zpi/g;zﬂdzj> -y ijZ/xzijdzi

iC Ny JEN qEX\r jENG €N
= g (Si_ E pj/xzij de‘);
€Ny jeEN

using equations (30), (32), (34), and imposing symmetry in the decision of monopolistically

competitive firms within the same sector

GDP, = (1 -3 Q]> Si= 1y (1-pmw) S (75)

1€EN jeN €N

This coincided with the total value-added generated by firms located in country r.

GDP, = | (wf +wf)Si— ) Q;g&-)
€N JEN
» W & ~
= Z wp Lip, — Mz’m& + (1 — M Z QZ) Si) (76)
k 4 i Si 4
i€Nyr \heAH jeN
i€eM;. \heH#

In matrix form, country-level GDP is represented by
GDP = F, (S — diag (S) Q. 1x).

where F , is a N x R matrix of zeros than in its column 7 contains one in the positions that

correspond to the sectors that produce in country r.

Additionally, global nominal GDP is given by

GDP =1, GDP = (1— ZQ]> Si=>_ (1—p,wf)S;.

= JjEN N

Notice that this definition of country level GDP differs from the gross national income GNI,
given by

GNI, = Z E),.

hest;
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The redistribution of dividend income across countries generates country level differences be-
tween GDP, and GNI,., but at the global level these differences cancel out and the following
relationship holds

GDP=GNI= ) Ej. (77)
het

2.6 Proof for Propositions in Section 4

2.6.1 Proof for Proposition 2

Using the following equations, I obtain a first-order approximation around the equilibrium for

prices in sector 7 € .4 and the bundle price for households of type h € 7

0 _ > hesr Wi lan (78)
% ¢ e ‘ ’
Ai Qi <{Aih gZih}he%)
b — D jen PjTzj (79)
Ar Qs ({452} 1, )
A T
P = Zieﬂ/ Pi Chi (81)
= Ac .
Qh ({Chi}iei/i/)
From equation (78)
AL Opt wp0pt AL 0Pt~ L 0Pt~
ﬁi = TZ AZAf—f_ Z Tha “Wh, + gh AZ Afh+ 2hag “lan |
2% 9 7 heA# Dz, OWh Pz 0 ih Pz, zih
rra ra AL Dpl 0. P,
where zaig = —1, é@i}; = Qzihy FZ@Z?Z = —Qzh, E:hazﬁ = Qzh — e(Lzmezih) = 0 from

equation (33), and T = log (z/T) stands for the log deviation around the equilibrium for variable

x. As a consequence

ﬁi = _ﬁf + Z Qzih (ﬁh - gf%) : (82)
he#

Similarly, from equations (79), (80), and (81)

Ph=—AT+ DY way (23}- - A%) ; (83)

jen
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~

=D D Db (85)

qER €Ny

From imposing symmetry in the decision of monopolistically competitive firms within the same

sector, these equations are represented in matrix form by

Pe=a®— A — (a oAZ) L, (86)
pe= W 5= A~ (W oh,) 1y, (87)

P = diag (ws) e + diag (ws) Py — A — T, (88)
p. = BP. (89)

Introducing equations (86) and (87) in equation (88)
p=19, (ﬁe@—ﬁ—ﬁ) (90)

and introducing equation (90) in equation (89)

po=Co-B(A+7). (91)

app - Qig wir -0 WIN
o= , W = ,
an1 r ONH WN1 " WNN
'(Zfl T {EfN @11 Tt %71]\/
\T/m = : : : , B = 15} \Tfm = : : : ,
Nf\u T wav @Hl T :@HN

A = A—i—dwg(wg);l\ + (ﬁgogg)]lg—i—diag( )A + (QwoA>]lN, A= [A\l,...,AN]/,
A= (AL AL A=A Ay A, = [Afw" Ay]L A= A A A =

~z ~z1! ~=z -~ ~ I A ~
[Ala"')Ay{|7Ai:|: ixla"'aAizN]7pE[p1a" [/\Z 71/)\6N}7pz5[ﬁ\:f7"'7ﬁ\[]/a
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2.6.2 Proof for Theorem 1

From equations (69) and (70)

X1 X1
AnTw = 1y diag (Q op (h)) B : —XXn | + Z O Ai (@] + Q)
XH XH e
Zbe;gﬂ Br1 Xb Bbl
+ 1y diag (2 og (h)) ¥, :
Zbeyf Bon X B\bN
L d (diag () )
+ Ly diag (Qe on (h)> 10900, B'x
_ d (diag ()" = 5;)_1
+ 1’y diag <Qg oH (h)) g n B'x

Using equations (59), (63), (66), and (65), and the fact that for any invertible matrix A,

d;?;l = —A~14A A1 the previous equation becomes
Du= D0 G g %= b A DD Q0 DT WD By B+ 3 s (8 + )
be A i€V jeN  bex €N
d (diag ()™ - %,
— Ay Uydiag Qo (R)) W, ~ diag (1) A
dlog(l,
o d (diag ()™ =)
— A, Uydiag (Q oy (b)) W) dlogn diag (1) .
chbhA_Xb Xn + chbh_%bh
be A be A
=S G 22 % — R+ —on () W diag (7) A
Ah Ay (92)
beA#
+— <Z QO A (0 + @) + Y ¥, (Z Bu X B + D Q5 A (@F +@-j))> .
i€V jeN be A eV
Now, using equation (70)
dAn = G dxo+ Y xo dGun
beA beAt
=D Gundxo+ ) Ui Nidlogpi+ Y A dQ + Y4, (Z Xo d B + D N i m;;) .
beA ieN €N JEN beA ieN

(93)
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2.6.3 Proof for idiosyncratic Positional Terms of Trade

The first order approximation for equation (38) for household h € 7 is given by

~ - I, ~ T ~
Eh = Fh <wh + Lh> + —hHh + —h Th. (94)
Ey £y,

The first order approximation for dividend income in equations (39) and (71) is given by

10, I, = Z K/ih/Szi ((1 — 14;) (k\ih + §z> dz; — s ﬁz) dz;.
eV

(95)

Introducing equation (95) in equation (94)

£, Eh =J (ﬁ?h + Zh> + Z Hih/Szi ((1 — 1) (Eih + §z2> — Wi ﬁz) dz; + T, 7/;h- (96)
eN

From equations (91) and (96), and imposing symmetry in the decision of monopolistically

competitive firms within the same sector

Ch=FEp—7¢
P Ai ~ ~ ~ Ty = S~ S (5~
ZFh(wh+Lh)+Z'iih—((1—Mi) (’fz’h‘f‘si)_Hiﬂi>+X_Th_(g}zw+f@h<ﬂ+M>
eV h
~ ~ ~ !/ ~ ~ ~ /
where %h: [%hla"' s %hN] ,and Cgh: |:Cgh1,"' s Cth] . Then

~ & NN Ths o
((1 — ;) (lfthrSi) — Wi Mi) +X—h T+ 6, L.
h

@h:,@g <ﬁ+ﬁ>+rhﬁ—%j+2fﬂihﬁ
ier Xh

Therefore
(97)

T 5y D1 () Dy (1) Dy () Dy (1) D (T) i (L)

dlog fn({Lolserr) &
dlog Ly, = (ghba and

where fj, ({Lb}be%’) is a CRS function such that
z 7 1~ T, ~
@h(ﬂ)zel‘p{ﬁéﬂ}, @h(u):exp{ hu}, @h(T):exp{—h Th}
Xh

Dy, (IT) = exp Z Z Kih % ((1 — Hi) <k\ih + §z> — M ﬁz) ;

qQER i€ Ny
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Dy (J) = eap { T Ju — 6, T}, (98)
and 7, stands for a constant.
As a consequence
Ch = 1 Dn (A) Dy (1) D (J) Dy (I1) Dy (T) D (72) S ({Lo}pe ) (99)

= PTTy fn ({Lb}be%’)

PTTy, = np D (A) Di () D (J) Dy (1) Dy, (T)
with Nh = ﬁh Gh.

Add and substract GDP to express equation (99) in terms of Domar weights and labor income
shares
Ch =B, <ﬁ+ﬁ> +Th A, — %A

Ai PN N Ty ~ -~
+ E Kih — <(1 — [i) (Hih+>\i> — i Ni) + 2T, +4 L
Xh Xh
e

A T i —
+ (Fh+zﬁihx_(1_ﬂi)+_h_zcghb) GDP
h

ieN Xh o e

-~

=0
:t@;(ﬁ+ﬁ>+m7\h—<€~,§7\

Ai P . Thes | it
+ Z/ﬂh— ((1 — ;) (Hih—i‘)\i) — i Mi) + T, + %, L
Xh Xh

eV

where the last equality is given by equations (66) and (74).

The N + 2 vector R, captures the revenue distribution for household h
Ry = [ T LXdiag (o (h)]
1

:E[Ah Trn kin(L—p) A -+ knn (1 —pun) A -

The first element captures the share of labor income in household h’s income, the second element
represents the share of transfers in household hs income, and the last N elements capture the
share of profits by each sector on household h’s income. As the elements of this vector add up
to one, its first-order approximation is given by

Tha

I ~ by . ~ R
Xn="TnAp+ Z Kiph — <(1 — 1) (Hz‘h + )\i) — Wi Ni) + —T,. (100)
e Xh Xh
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This implies that
6h:@g<ﬁ+ﬁ)+yh—ﬁﬁ+ﬁi. (101)

Now, using equations (70) and (93), and the definitions &y, = ‘52;;1,/7\1), Myn = > e Cap O,
and Fjj, = qu}’f ¢fq Ogln

> G Ay = > Gy dA,

= beAt
= Z Myjp d xp + Z Xm Z Opln d Gy
beA meH  beH
= Z My, d Xy + Z Ai Fyn dlog p; + Zﬁbi)\i Z Sypn d QY
be A ieN ieN be A
bedt  ieN N JEN

Hence

PTTy = (A +7) + %= > M ds — 30 A Fyp dlog
bet €N

- ZMMi Z5b|h dQf, — ZXbZFﬂh d By — ZMMz’ Z Fin dﬁfj

ieN be# bet  ieN ieN JEN

(102)

This represents an extension of the positional terms of trade introduced by Rojas-Bernal (2023)

to an open economy setting with sectoral distortion.

2.6.4 First-order variation for GNI,

GNI, =3, En. This implies that

PN = Z Xh = Z (Ah+zf€ih(1—ﬂi)/\i+Th> ;
he st hest; ieN

where ®¢N = GNI,./GDP.

Now, from equations (49) we know that
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Hence

(beI _ Z (Ah + Z Kin (1 — ;) )\Z-) .

hest ieN

The first-order approximation for the last equation tells us that

QO GONT — 3 (Ah Rt i (1= ) (Fan+X0) = ﬁ)) . (103)

he A ieN

2.6.5 Proof for Corollary 2

Starting from equation (75), I arrive to the first-order approximation for nominal GDP in

country r

€N jeN

From equations (30) and (87)
®,GDP, =Y\ <§ - m+ @j)> , (104)
i€Ny jeN

where ®, = %%I;T )

From here, I define the first-order approximation of the GDP deflator from country r as

ﬁyFZ%(@—Z%@). (105)

et jeN

Equation (105) implies using equation (34) that the first-order approximation of the real GDP

from country r is given by

®,Y, =D N (@ -y oo @) . (106)

€N jeEN

Using the first-order approximation for the goods market clearing condition in equation (52),
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equation (106) is represented by
Y, = Z <Z Bri xn Chi + Z (sz Aj T — Ai£¢j)> ;
i€MNr \heH JjeN
introducing the first-order approximation of equations (30), (34), (46), (57), (90), and (96)

Y, = xn Y BuiBrit D xn (Z ﬂm‘) Ep+ ) miwf A Y wii @i — 3 miwf A Y wij @y

he# M he# i€EN; jeN iEN; iEN; JEN

+ Z ZQ;Aj(a;?Jrﬁj)— Z ZQ%/\i(@eruz Z ZQ“/\ 5, — Z)\i (Z mj) S,

et jeN €N jEN €N jeEN €N JEN

+ Zuiwf)\iz Z wij Pj — Z (Z Bhi Xn + Zﬂfz)‘]) Di-

1EN qEZR jEN i€ Ny \heH jeN

=\

0.7 =3 > BB+ Y (Z 5hj) <Ah (@h+ih> + T, Th>

hes# €N he# \jeEN
+ Z (Z 5hj) Z Kin Ai ((1 - Mi) (Eih + §z> — My /1)
he# \je; ieN
+ ZMij)\j iji CAL)]‘Z‘ — Z [szzx)\l Zwij C/Jij
jeEN i Ny i Ny jeN
+ Wi A (Z sz‘) (@7 +7;) — > piwi Ay <Z Wij) (@ + 1)
jeN €N €N JEN
+3Y NS - ( > S;
V€N JEN €Ny JjeEN
+y (Z by ( )) ;fz + /LJ
JEN \i€N; meN

Z (- D)) @)
2 (zh(a p o))

het \ieN; me.N

Before continuing with this proof, let me define the following variables

° \Tlx = Z;io leg = Iy + (NZJ;\TIQC implies that \T/;,; —Q, \T/ = Iy + ((NZ:C — Qx> \Tlx On the
one hand, in the absence of distortions 1;;’3 — > ey S 9” = 1{i = j} captures direct

exposure to a shocks. This implies that in the absence of dlstortions a shock in sector ¢

62



with magnitude @Z,f] = 2 mer YimUm; = 1{i = j} has a direct effect on the real GDP of
country 7 that is to a first-order proportional to 1 {i € 4;}. As a consequence, without

distortions, there are no spillover to other countries.

On the other hand, in an economy with distortions, QZZ"’”J =D men QiU = W{i=j} +
Y omen (ﬁ‘fm — Qfm> anj captures for sector ¢ both the direct exposure and higher-round
network adjusted effects from shocks in sector j, but the effects from the latter channel
that come from firm m are weighted by the cost-to-revenue margin (Nme — Q7 . In other

words, ij (a-0) = Y omen (ﬁfm - Qfm> mj represents the network adjusted downstream
exposure of sector 7 to sector 7 weighted by the difference between the direct downstream
cost exposure and the direct upstream revenue exposure in each one of the paths through
which intermediate input costs from firm j influence directly or indirectly the costs for
firm ¢. This implies that under distortions, a shock in sector ;7 with magnitude QZZ‘E —
Y omen N;ibj has a direct effect on the real GDP of country r that is to a first-order
proportional to 1{i =j} + {/;Z”] (9-0)" As a consequence, under distortions, favorable
shocks directly increase the real GDP of a country if the sector that receives the shock
is a domestic producer, or if there are distorted domestic firms with some degree of
downstream exposure to the sector that receives the shock. The latter channel captures

the additional value-added that is captured by domestic firms with downstream exposure.
For this reason,

. . Aj )\z T . Y )\Z O T
)‘;:]l{]EJVT}(}Ti+Z(}TT¢ij(§—Q):]I{JGJVT}QTZ“—FZ(}T Z (L= pa) Q00

i€y iety T meN

represents the share of value added in country r than can be traced-back to the production
from sector j. Value added can be extracted in two ways. First, by producing and selling
the good. Second, by importing intermediate goods, using them to produce domestic,

and charging a surplus that is reflected in profits or taxes.

Notice that in the absence of intermediate inputs » _,_ - )\: = 1. In the absence of distor-

tions and with intermediate inputs » ;. A7 = >, 2. > 1. In general D i AT >

mj*

For the global economy, these weights are given by )\JG = XD e N D mes (ﬁfm — Qfm> e
. ~ ~ / ~
In vector form are represented by \¢ = (IN + v (Qx — Qx> > A=V (Iy — Q) A\

We know that
A=, By =0, (I = Q) W, Bx =9, (Iy — ) X, (107)

which implies that AG =\

e Similarly {f[g — Qx{f/g = ﬁpt (ﬁx — Qx> Cl}g. On the one hand, in the absence of distortions

th — Zj e S5 ~fh = fNth captures the direct exposure of firm ¢ to labor costs from worker
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h.

On the other hand, in an economy with distortions, th +2 ien <(2fj - Q;‘;) th captures
for sector ¢ both the direct exposure and higher-round network effects from labor costs
from worker h. In other words, w h(6-0) = =53 e (ij — ij) {bvfh represents the network
adjusted downstream exposure of sector ¢ to household h’s factoral cost weighted by the
difference between the direct downstream cost exposure and the direct upstream revenue
exposure in each of the paths through which labor costs from worker h influence directly

or indirectly the costs for firm i.

For this reason, A} = D e % th + sz ( represents the share of value added in

h(Q-Q)
country r that can be traced back to the labor supply from workers of type h. Notice

that this characterizes a distribution because

S =Y g e T g () X

het 26/1/ " hesr €N jE/V heAt
=wt =1
SIS D S ED VD MLED W EED I Fat
€N icetn | jeN et | GEN €N jeN
N——

— b
=w;

where the last equality is given by equation (75).

Without distortions, th = Qb

—LEZQ&A

"ie
and with country-specific factors
Ay
Ay = —.
T,

For the global economy, these weights are given by A¢ = Y iew i <th +D jen ( 0. Q%) ~§h> :

In vector form are represented by
AG = (?z; L (?z; - Q)) A=) (Iy — )\
From equation (107) we know that
A9 = A.
® Buir = D ic _y. Bri 1s household R’s direct revenue intensity on goods produced by country
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o ()%

= Y oie . $25; 1s firm j’s direct revenue intensity on goods produced by country 7.

Therefore

.Y, =D xn D BuiBuit D By (Ah‘f’l+Thfh>

hes# i€Ny het

+ > Bup Y Fin A ((1 — 144) (k\ih + §z> — i ﬁz‘) ~®, Y K; J
hert

hest ieN

F Y QRN @ ) - YD, N @F + ) (108)
N qER i€ Ny

N m - Y N Y G+, Y N (A7)
@¢N  JEN €N jEN jeN

+3 N NS - Y an LS+, > AL
1EN JEN qER iEN; hes#

As a consequence

Y, =TFP, F, ({Lh}hejf) )

where F, ({Ls},,) is a CRS function such that dlogli;"l(ngzibE”) = A7

Add and subtract GDP to express equation (108) in terms of sales and factor Domar weights

‘I)r?r = Z Xh Z Bhi ghi + Z Bhir (Ah Kh + T, P]/fh)

hest  ieM hest
+ Z Bhir Z Kin Ai ((1 — M) (Ez’h + /)\\2) — M ﬁz) -, Z A Ay,
hedt — ieN het
+> QN (@f+ﬁl-+§i) =3 QN (af+ﬁi+&>
ieN qQER iEN;
FYA O E - A Gy, YN (A i) e > Ky I
@ N JEN €N jEN jeEN het
S B [ A+ D =) N+ T | Y050 =N Qs A 1| GDP
hest 1€ENG N qQER €Ny
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From equations (57), (75) and (100)

®,Y, = Z Xh Z B Bri + Z <5h\r Xn Xn — @, AL Kh)

hest €N hest

Y (@ ) = 3 S an (@ )

eN qQER €Ny
SN e - N ey, YN (A i) e > K L

it GEM it e jens hest
- (Z B xn+ D Q8,0 =33 08 A - 1) GDP.

N ieN 4ER iE N, .

=0

The revenue distribution for country r is captured by the H + N + dim (4;) vector
-1 x xX
m; = CI)r [{BMT Xh}hejf { ir /\Z}ZEJV - {/\Z Zqé%’ Qiq}ieﬁ/r] :

Notice that as the elements of this vector add up to one, its first order approximation is given

by

D, EI\)T = Z ﬁh\r Xh X\h + Z Xh Z Bhi Bhi

hest hest 1EN

+) a5\ (@Hﬁi +Xi) =N QA (agwﬁi +X~>
ieN qQER €Ny

15 S SITENES SE SETEN
¢ N GEM: it jEN

This implies that
V=S (Am) + 8- S R R+ 3 T (109)
JEN hes# hesAt

Now, using equations (70) and (93), and the definiitions J; = ﬁ—z, Mp = > e € 6y, and
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FiT = Zhe% ¢fh 52

SR A=Y "o dA,

hest’ heA’
=3 Mpdxu+ Y xn Y 0 d%w
hex’ hext’ beAH
=Y Mydxn+ > N F dlogu+ Y ik » 6, dO,
heA’ ieN ieN heA’
+ > x> FldBu+ > mhiy  FydQy.
hed# — ieN ieN jeN
Then
TFP, =Y 8 (A4 ) + 8= > My dyi— > xay_ 0 d%
ieN hest’ hest be’
=> X (ﬁﬁﬁi) + @, = Y Mpdyn— Y N F dlogpu; — Y ki Y 65 dQ,
eN heAt €N ieN hes#
=Dy FldBu— Y iy FydQ
hest ieN ieN JjeEN

(110)

2.6.6 Proof for Corollary 1 and Corollary 2

In the absence of distortions yu; =1 Vi € A

. ‘ \i . N\ L~ ~
Al :]l{zef/%«}a, A = Ztha, Qij :Qij7 th:th-
r i r
Under these definitions
D= > BuixnXn+ D Xn Y Bui Bui
€Ny heH he# €Ny
55 S SNCEIREHED 3D o PHCETAEY
€N jEN €N jEN
I SFS 2L DI o e
@ N.  JEN €N jEM

and equation (109) is given by

<I>TT/F\P,«=ZAZ-(J@Jrﬁi)Jr@r@r—ZAiZKNth/AXh.

€Ny €N hest
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Without distortions GDP, = GNI, =}, ., Ej. From equation (103) this implies that

B, B, = 6OV GOV = 3" (Ah D IR u) |

he s ieN

Thus

(I)rj—’/F’\Pr:ZAiJi‘l’Z)\i(l_Z’ﬂh)ﬂi_z Z/ﬁih/\iﬁi

€N €N he st het ig N,
~, ~ ~, ~
he €M €N h¢ S

Assuming country-specific labor markets and total equity home bias, we know that

Ay it hed? 1 if 2e

Z ﬁfh)\l = ) Z Rih =

e 0 otherwise het 0 otherwise
Hence

®, TFP, = Y A .
€Ny

2.6.7 Proof for Theorem 3

Global GDP is given by

GDP =" (1—,%2?2;}) S;.

ieN jeN

Hence, following the same steps as in Section 2.6.5

rER iEN; JEN

From equations (30) and (87)

GDP =Y\ (@—ZQ%(@JF%))

ieN jen

68



From here, I define the first-order approximation for the global GDP deflator as

ﬁy:ZAi@—ZQm).

ieN JEN

Hence, the first-order approximation for global real GDP is given by

?:Z@rﬁ:ZAi@—ZQg@j).

rER ieN JeEN

Using the first-order approximation for the goods market clearing condition

Y = Z <Z Bhi Xn ahi + Z (sz AT — ij A fL“\U)) = Z Xh Z %ﬁh,

iV \he# jen he#  ien M

Introducing the first-order approximation of equations (46), (57), (90), and (96)

Y= ) Buibu+ Y. (Zﬁhi) Ep—->" (Z %xh) pi.

hest ieN het \ieNV €N \heH

=XNi—2jen QF A

Y = ZXhZﬁhiBhi+Z (Zﬁhi) (Ah <@h+3h>+Thfh>+ZZQ% RIS

het e het \ieV iV jeN eV
+ Z (Z ﬁhj) Z Kih Ai ((1 — 14i) <7’%ih + §z> — E) .
het \jen ic Ay
Y = > xn Y Bu Bri + > (Zﬁhi) (Ah v+ Ty fh)
het e het \ieV
+ Z <Z 5hj> Z Kih Ai ((1 = i) (Eih + §z> — M ﬂi)
het \jen iet
DI IR (7@- -y o, 7%-) (A + )
JEN ieN meN
Xy (T (BT )
heA reZ \ieN; jeEN
X (T (- D))o
hen \ien jen
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Then

Y = ZXhZﬂhiEhH—Z (Zﬁhi) (Aht/]\ll‘i‘Thfh)

hew  ien hew \ic ¥
+ ) <Z 5hj> > kA ((1 — Hi) (Eih + S\%) — i ﬂz) (111)
he# \jeN iEN
3R (At ) - YD Ay G+ YA L
eV he# re# her

As a consequence
Y =TFPF ({Li}her)

where F ({Ly},,c,) is a CRS function such that %W = A

Add and subtract GDP to express equation (111) in terms of sales and factor Domar weights

Y=>"xn > Bui Bt Y (Z 5hi> (Ah A+ T To+ D Kin A ((1 = i) (Eih‘f’/)\\i) — Mi E))

heAt ieN hest \ie NV ieN

= Xh Xh

+inG<~/%+ﬁi>_ZAgKh+ZAgih

ieN hest’ hest

=ien (1-Tjen ij)hi=1

=1

+ D0 D (Bu) (Ah+ Zﬂih(lui))\i+'ﬂ'h) =y o ) A GDP.

€N hest €N reEX het
N —

= Xh =1

=Xi~Yjen ki

From equation (100)

}/}:Z}\?<‘/’%\i+ﬁi>+225hi>€h <5(\h+§hi>_ ZAE&H'ZAthh

ieN €N het hest heAt

The global distribution of sectoral revenue from final sales is captured by the N vector

R = [{Zhe;ﬁ” Bhi Xh}ieg/V} ’
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Notice that as Y . v > 1 e Bri Xo = Dien <1 — Zje/ Qij) Ai = 1, then

Z Z Bri Xn <5<\h + th) =0.

i€N het

This implies that

Add and subtract ng to guarantee that the previous equation is represented in terms of exchange

rate between all countries and country 1

?:ZXi(ﬁﬁﬁi)—ZKthZT\hfh- (112)

ieN hest hest

Now, using equations (70) and (93), and the definiitions J§, = 1%’ My, = > ycp Gy 0y, and
Iy = Zheﬁ” Mh On

> A hy=>" G dA,

heAt het
— ZMthh—l— thz5bd<5hb
het het — bet ~ (113)
= Z My, dxp + Z/\i F; dlog p; + Z/Jz‘)\z‘ Z On d €2,
her e ieN het
+ Z XhZFi dﬂhi“‘ZNl’)‘iZFj dﬁfj
het  ieN et JEN

2.6.8 Proof for Hulten (1978)

Without distortions equation (112) is given by

?ZZ)\i<J%+ﬁi>—ZAhKh+ZAhzh-

ieN het he#t
Additionally, 6, = My, = F; =1 Vh €  and Vi € 4. Equation (113) is given by

YA =D dxn+ D> Ndlogp+ > N (dwf +dw?) + Y xn > dBu

het het ieN ieN het — ieN
= 5 A dlog ;.
ieN
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This implies that

ieN

3 Relationship with Baqaee & Farhi (2020) and Baqaee
& Farhi (2023)

3.1 The Environment

Baqaee & Farhi (2023) introduces an open-economy model with production networks, hetero-
geneous households, and firm level distortions captured by wedges between marginal produc-
tivities and prices. Baqaee & Farhi (2020) is a particular case of Baqaee & Farhi (2023) with
a closed-economy and a representative household. Their model is characterized by:

e A set of countries Z, a set of producers of different goods .4#", and a set of factors .Z;

e The set of producers that operate within the borders of country r € Z are A, C A;

e The set of factors that are exclusively used by firms in country r € Z are .4, C .Z;

e Each country has a representative household, for which the ownership of primary factors
Z and fictitious factors Z* (fictitious factors represent the collection of markup/wedge
revenue rebated back to households) is characterized by the R x (L+ L*) ownership matrix
®, where ®,; captures the share of factor i’s added value that is a source of income for

household r;

e Primary factor supply is exogenous;

Producer i € A, uses a CRS production function

yi = AiQi <{£il}l€gc ) {xij}je/y> )
with me; = p; X p;, i.e. marginal cost equals price times a markdown.*

The representative household for country r € % has homothetic preferences given by the

consumption aggregator®

Cr = Q;ﬁ ({Cm}zeﬂ/) )

4In their model wedges are represented by a markup, but here I use the inverse of the markdown both for
algebraic simplicity and to maintain notation equivalence with my model.
5Tn their model this real consumption aggregator is used as a measure of welfare at the country level.
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and faces a budget constraint given by

Zpicri = Z O qwi Ly + Z i (1 — i) piys + 1.

ieN le? ieN

Equilibrium market clearing conditions are given by y; = >° ,Cri + > i yxj Vi € N,
L= cptavVle L and ), T, =0.

Their main contribution is to show how the first-order approximation to firm level productivity
and distortions shocks for real GDP and welfare (understand real consumption) at the country
and global level can be decomposed into a direct technology effect, and a pure reallocation

component.

3.2 Main structural differences

The main structural differences between Baqaee & Farhi’s 2023 and my environment are:

1. In their model, factor markets are segmented by country, which as it will be shown above,
allows them to represent country level GDP in term of factoral income. In my model, I
am agnostic about the geographical segmentation of factor markets, and for this reason,
country specific factor markets are a particular case in which «a;, > 0 is allowed to occur
only for i € A, and h € 2.

2. In their model, each country representative household owns a portfolio of primary and
fictitious factors, and primary factor supply is assumed as exogenous. In my model, the
set of households that reside within the border of the country r € Z are ¢, C 7, and
each type of household h € 7. supplies only one type of primary factor that can be
used by any firm across the globe, while the matrix x describes the distribution across
households of profits generated by markdown revenue that they denominate fictitious

factor income.

The additional gain in my model from restricting the supply of each household to only one
type of primary factor is that this primary factor supply is endogenous. This allows me
to decompose the distributional sources of variation using the first-order approximation

for the labor wedges.

To be fair, the model in their appendix allows for heterogeneous households within coun-
tries, and an endogenous labor-leisure tradeoff. But their endogeneity in primary factor
supply is not microfounded as in my model, but rather assumed, and restricted to an

elastic positive response to real wages and a negative response to real income.

3. Finally, in their model normalization is done using global nominal GDP as the numeraire,
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and this normalization is required both for the ex-post and ex-ante first-order approxi-
mations. In my model, normalization is only required for the ex-ante first-order approxi-

mations and in these cases, the more standard real GDP as the numeraire is used.

In principle their normalization assumption appears as inconsequential, but as soon as
one starts to wonder about the implications of normalizing with GDP = 1, the natural
question that follows is about the real unit of account that acts as numeraire. Assume
two scenarios for global real GDP, in the first one Y = 1, and in the second one Y = 2.
Normalizing with GDP = 1 implies for the GDP deflator in the first case that Py = 1,
and in the second one Py = 1/2. Additionally, for an economy with no intermediate
input consumption, assume that a commodity M with an exogenous supply and a price
V is used as a medium of exchange, and this commodity also acts as the real unit of
account, therefore VM = GDP in equilibrium and V' = 1. Assume that the supply for
M is increased, the assumption that GDP = 1 implies an excess supply for the medium
of exchange M and as consequence V' has to fall. Therefore when normalization is done

with nominal GDP there is no real unit of account that acts as numeraire.

3.3 Notational equivalences

Let me start by defining the net quantity of good ¢ € 4" produced by country r € #

) Yi— Dien Tji if i€ M
@i =yl {i e M} — Z Tji = ' I€ ]Z. "
JEN _Zjem xj it d ¢ N

From here, the share of ¢,; in the final output of country r is given by

eri — plqu )
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Now, from equation (105)

by, = Z Z ;b5

e o ge/
-y o Z > Q5B - Z >
icH; T zeW " je ict ¢
py i) A
Y (e-Ter)i-X (S ey
iesn T jem " i¢g M \JEN "
- GDP. S @pp | P > 5. cop, | P
i€N; T jes Y " i¢ N \jeSMr 7 "

I EDY Ggp dowi | Bi= ) Wb

iem jeM i " \jes eV
This matches the country-level Divisia index GDP deflator used by Baqaee & Farhi (2023).

Now, from equation (106)

. nN [ o
r = ' 57“ Yi — Z Q i Lij
€N jeN
oy (B v eda) -y Yk,
1€EN JjEN: ¢ Ny JEN
pzl‘jzz\ pz-sz/\
-y )y e,
et szm jern Didri i jer DPidri
= YT’LQ’I"L - Z QYTZQT’L = Z QYT’LqT‘Z
€N ¢ Ny €N

This matches the country-level Divisia index real GDP variation used by Baqaee & Farhi
(2023).

3.4 First order approximation for country-level GDP

Notice that one essential difference between my approach towards the first order approximation
for country-level GDP that leads to equation (109) is that my proof starts from the expendi-
ture definition of GDP in equation (75), i.e. the sum of the final uses of goods and services
in purchaser prices, excluding intermediate input consumption, for firms that operate in the
country. On the other hand, Baqaee & Farhi’s (2023) proof starts from the income definition
of GDP in equation (76), i.e. the sum of factor compensation and corporate profits distributed

by the firms that produce in the country.
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From equation (76), the first order approximation for the income definition of nominal GDP is

given by

GDP, = pv, +Y—Z ZQ (@h—ﬂz‘h)%—z;((1—%)@—#1@)-

1€. /V " hest €N

Now, starting from equation (88)
Dies, = <[N7‘ - er) (sz + Qz "Dig A — A-— ,U) ’

where Qf’“ is the N, x N, domestic cost-based input-output matrix, ?2% is the N, x (N — N,.)
imported cost-based input-output matrix, @z is the N, x H domestic cost-based factor matrix,
Dic.y, is a vector of dimension N, that captures the variation for domestic prices, and p;¢ 4, is
a vector of dimension N — N, that captures the variation for foreign prices. Notice that ﬁfr
and ﬁﬂ/fr are coming from a reorganization of the rows in (), that characterize the intermediate
input demand for firms that operate in country r, and 622 is composed of the rows in ﬁg that
characterize the primary factor demand for firms that operate in country r. Let me introduce
the following definitions that come from Baqaee & Farhi (2023)

-1

Jff represents the ij element of matrix ([ N, — ﬁfr> ;

Mg = Y Wity
KYTh =D icr. v Z]ew WCTQZ for h € J;

AYri = Zmeﬂ Yrm Z]EJV w’fr{ijE for Z ¢ ‘/V"”

Jin = wplip;

oAyThzzgg]gmfrhE%

.= Pl forzee/V

[ ]
b
§

Now, introducing equation (90) in equation (105)

By, = > Qyibi= Y Qibi+ Y Qvibi

ieN 1€EN &Ny

= > Qv | XU Y Qi+ Y O Y Eimi— Y 05 (A i) | + Y vab
€N JEN heAHt JEN i¢ Ny JEN i¢ Ny

= Z Ay, — Z Ay.j (ﬁy + ﬁj) + Z Ay,ipi + Z Qy,.i Di-
hest JEN ¢ N ig Ny
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Then

Z -y o ( ) 3 ( — [4:) mﬁi) — Dy,
zG/V " hesw i€N;
= Z Z Q) (wh —i—ﬁzh) % ( — i) S Miﬁz’)
zGJV hG% €Ny
— Z Ay RWh + Z )\yj (ﬂ —l—ﬂj) Z Y,iDi — Z Qy,.i pi
hef je ¢ iGN
- Z Z 0 (wh + th> Z £ ((1 — i) Si — Mz‘ﬁz‘)
iet | heAt et "
— Z AyThU}h + Z Ay, j (ﬂj +,uj> — Z (Qm +/~\Ym> (ﬁm — Qi + ®r>
hest JEN:r z‘gém.
:Z ZG}IS Azh+Z)\y2( muz) ZAYth+ZAYth
€N heH heA’ hest
+ Z XYTj (J%j + ,uj) — Z (Qm + Am) (ﬁYri — Qi + G/D\Pr)
JjEM i¢ N
= Z AYThKYTh + Z Ay, ((1 - Mi)/):Yri - Miﬁz‘) - Z Kthjh + Z KYThEh
heA’ 1€ENy heA heA’
+ Z Ay, j (ﬂ —l—/i;) + Z (QYri +/~\Yri> (qu‘ - QYri)
JEN: ¢ Ny

+ (Z Avin+ D =) Avi— Y (ﬂy + 3 Xyrjﬁff)) GDP,.
hest 1EN ¢ Ny JEN

Let me assume as in their paper that factor markets are segmented by country, this implies
that Ay,, = 1{h € S}z - and from equation (76)

® D e Mvin + D iy, (1= i) Ay = 15 and

o Yo AYThKYTh + D ies Avpi <(1 — 1) Xm’ — Mzﬁz) =0.

Therefore

Y, = Z XYTj (ﬂAj + ﬁj) - Z Ay.nAy,p + Z Ay,nLn + Z (QYri + 1~\er'> (@n’ - QYM')

JjEN hes. hest. ¢

+ 1—293/1 ZZ)\YJ ]zZAYh)GDP

i¢ N i¢ Ny jEN he A,
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Notice that

1— Z Qy.i — Z Z XY,«]'Q% - Z Av,n

i¢ N i¢N; jEN he
=1= ) Qv D Qv DU D Wt D
i¢ Ny €N JjEN he it ig Ny

=1- > Qyi— > Qup Y ol

ig N €N JEN

=1-) Qyi— > Qi

€Ny i Ny

1-> 08

€Ny

1
=1— GDP. Z Si — Z pixﬂ) EA:/ PiTji

ic Ay JEN
=1 GDP Si= 2w | =0
€N JjEN

~ N1 ~ N1~
where the third line is coming from the fact that (INT» — Q,fT) =1y, + (IFT, — QfT) Qbr.

Finally, define the value of relative imports from foreign firm ¢ to domestic GDP as Ay,; =

Lidri forg e N — N,

T GDP;
Vo= Ay (J@ + ﬁj) — > Avhdvn+ > AvaLn+ Y (KYM‘ - Am‘) (qu' - KY,J) ' (114)
JEN hest, he s, i¢ Ny

which is the first-order approximation for country-level GDP variation from Theorem 1 in
Baqaee & Farhi (2023). There are still one differences between their result and equation
(114). They define KYi = de/ erjqzﬂ- for i ¢ 4. in the main text, instead of using

/~\yﬂ» =D e tom D i W”* Qx as in their appendix. I consider this problematic because it
~ N1
does not consider the difference between W, and (I N, — Qfg*) , and because it leaves aside

the role of QM in the definition of Py, .

The differences between my first order approximation in equation (109) and Baqaee & Farhi’s

(2023) first order approximation in equation (114) are

1. Equation (109) characterizes the effect from productivity and markdown shocks from all
firms, while equation (114) only characterizes the effect for firms that operate within

country r;

2. For equation (109) it is not necessary to trace any variation for the real allocation of
goods between countries, while for equation (114) it is necessary to trace the variation in

the net quantity of goods imported to country r and their share with respect to domestic
GDP, i.e. ¢; and Km for i & A;
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3. Equation (109) does not require any segmentation of factor markets at the country level,

while equation (114) does.

3.5 First-order approximation for household-level Real Consump-

tion

Equation (101) captures the first-order approximation for real consumption at the household
level. Theorem 2 in Baqaee & Farhi (2023) brings a comparable approximation for welfare

variation at the household level that is given by®

Ch="_ Aci (A\i + ﬁi) + ) (AChb - Kchb) Ay + Y AcuLy.
e be UL be s

This result matches equation (101) once we consider that
L XC’hi = @hi;
o Aoy = Ghp;

* X eruz (Achb - /N\chb> Ay = X = D pen G\

6As primary factor supply in Baqaee & Farhi (2023) is inelastic, household real consumption variation is
identical to welfare variation.
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